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ABSTRACT:  We  present  an  algorithm  that  solves  the  following 
motion-planning  problem  which  arises  in  robotics:  Given  several 
2-dimensional  circular  bodies  B^  %2,  ...,  and  a  region  bounded  by  a 
collection  of  'walls' ,  either  find  a  continuous  motion  connecting  two 
given  configurations  of  these  bodies  during  which  they  avoid  collision 
with  the  walls  and  with  each  other,  or  else  establish  that  no  such 
motion  exists.  This  paper  continues  other  studies  by  the  authors  on 
motion-planning  algorithms  for  other  kinds  of  moving  objects.  The 
algorithms  presented  are  polynomial  in  the  number  of  walls  for  each 
fixed  number  of  moving  circles  (for  two  moving  circles  the  algorithm  is 
shown  to  run  in  time  0(n3)  if  n  is  the  number  of  walls),  but  with 
exponents  increasing  with  the  number  of  moving  circles. 


(*)  Work  on  this  paper  has  been  supported  by  ONR  Grants 
N00014-75-C-0571  and  N00014-82-K-0381,  and  by  a  grant  from  the 
U.S. -Israeli  Binational  Science  Foundation. 
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Introduction 


The  'Piano  Movers'  problem  (see  [Re],  [LPW] ,  [IKP],  [Ud],  [SSI], 
[SS2],  [HJW] )  is  that  of  finding  a  continuous  motion  that  will  take  a 
given  body  (or  a  group  of  bodies)  from  a  given  initial  configuration  to 
a  desired  final  configuration,  but  which  is  subject  to  certain 
geometric  constraints  during  the  motion.  These  constraints  forbid  the 
body  to  come  in  contact  with  certain  obstacles  or  'walls',  and,  in  the 
case  of  a  coordinated  motion  of  more  than  one  body,  also  forbid 
individual  bodies  to  come  into  contact  with  each  other.  In  a  preceding 
paper  [SSI]  we  have  analyzed  the  following  simplified  two  dimensional 
version  of  this  problem:  Let  B  be  a  given  two  dimensional  polygonal 
body,  and  let  V  be  a  two  dimensional  open  region  bounded  by  a 
collection  of  closed  polygonal  curves,  which  we  consider  to  be  'walls'. 
These  walls  are  allowed  to  intersect  at  certain  'corners',  and  the  full 
collection  of  walls  is  not  required  be  connected.  The  problem  solved 
in  [SSI]  was:  Given  two  positions  and  orientations  in  which  the  body  B 
does  not  touch  any  walls,  find  a  continuous  wall-avoiding  motion  of  B 
between  these  two  positions,  or  establish  that  no  such  motion  exists. 
In  a  subsequent  paper  [SS2]  we  have  generalized  the  problem  to  the  case 
of  an  arbitrary  number  of  moving  bodies,  some  of  which  may  be  jointed, 
moving  amidst  obstacles,  provided  that  the  surfaces  of  the  bodies  and 
of  the  obstacles  can  be  described  by  algebraic  equations.  We 
demonstrated  in  [SS2]  that  this  general  problem  can  be  solved  in  time 
polynomial  in  the  number  of  smooth  surfaces  of  the  walls  and  the 
bodies,  and  in  the  maximal  degree  of  the  equations  defining  them,  but 
exponential  in  the  number  of  degrees  of  freedom  of  the  system  of 
bodies.  However,  even  for  a  fixed  number  of  degrees  of  freedom,  the 
algorithm  presented  in  [SS2],  although  polynomial,  is  of  complexity 
0(ne),  where  the  exponent  e  can  be  quite  high.  Accordingly,  this 
general  algorithm  is  entirely  impractical  except  possibly  for  the 
simplest  cases.  It  therefore  remains  important  to  develop  more 
efficient  specialized  algorithms  for  specific  systems  of  bodies. 
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In  this  paper  we  consider  such  a  special  case,  namely  that  in 
which  the  coordinated  motion  of  several  disjoint,  independent  circular 
bodies  B^  Bo,...,  B^  must  be  planned.  We  assume  that  these  bodies  are 
free  to  move  inside  a  two-dimensional  region  V  of  the  kind  described 
above,  subject  of  course  to  the  constraint  that  they  do  not  collide 
with  the  walls  or  with  each  other.  In  this  case,  the  motion  planning 
problem  becomes:  Given  two  configurations  of  the  bodies  (where  a 
'configuration'  is  defined  to  be  the  k-tuple  [X^J...)Xit]  of  the 
positions  of  the  centers  of  B^  thru  B^  in  V)  in  which  they  touch 
neither  any  wall  nor  each  other,  construct  a  continuous  coordinated 
motion  of  Bj,...,  B^  between  these  two  configurations  during  which  the 
bodies  continually  avoid  collision  with  the  walls  and  with  each  other 
(cf.  Fig.  0.1  for  an  instance  of  this  problem  involving  two  circular 
bodies) . 

This  problem  can  be  viewed  as  a  simplified  prototype  of  other  more 
realistic  problems  involving  the  coordinated  motion  of  several  bodies. 

We  will  begin  our  analysis  by  considering  the  special  case  of  two 
circular  bodies,  then  go  on  to  attack  the  somewhat  more  complicated 
case  involving  three  circular  bodies,  and  finally  comment  on  attacking 
the  general  case  of  k  bodies  using  recursive  methods. 

One  might  expect  the  motion-planning  problem  for  two  circles  to  be 
harder  than  the  corresponding  problem  for  one  polygonal  body  considered 
in  [SSI].  Indeed,  the  problem  considered  in  [SSI]  involves  only  three 
degrees  of  freedom,  whereas  the  motion  of  two  circular  bodies  involves 
four  degrees  of  freedom.  It  turns  out  however  that  we  can  give  a 
relatively  simple  solution  for  the  problem  of  two  moving  circles,  by  an 
algorithm  of  complexity  lower  than  that  of  the  algorithm  presented  in 
[SSI]. 

As  in  [SSI],  our  approach  is  based  on  a  study  of  the  space  FP  of 
all  collision-free  configurations  of  B1  and  B2.  The  problem  is  to 
decompose  FP  into  its  connected  components.  In  order  to  construct  such 
a  decomposition,  we  separate  the  original   4-dimensional   problem   into 
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Fig.  0.1.  An  instance  of  our  case  of  the  piano  movers'  problem.  The 

shaded  circles  describe  the  initial  configuration  of  Bj  and  B2,  and 

the  unshaded  circles  describe  the  desired  final  configuration;  the 

intermediate  dotted  positions  describe  a   possible  motion  of  Bj  ancj 

^2  between  the  initial  and  final  configurations . 


two  2-dimensional  subproblems  by  projecting  FP  onto  a  two-dimensional 
space,  each  point  of  which  corresponds  to  a  fixed  position  Xj  0f  the 
center  of  Bj  in  v.  This  leaves  B2  free  to  move  over  a  subspace  A  of  V 
that  can  be  decomposed  into  connected  components  which  can  be  assigned 
standard  labels.  For  most  positions  of  the  center  of  Bj  the  set  of 
connected  components  of  A  changes  only  slightly  and  quantitatively  if 
Bl  is  moved  slightly,  but  for  certain  'critical'  positions  X  of  Bj  this 
set  of  components  changes  qualitatively  if  Bj  moves  in  the  neighborhood 
of  X.  These  critical  positions  lie  along  curves,  called  'critical 
curves',  that  can  be  characterized  as  follows:  A  critical  curve  is  a 
locus  of  points  X  such  that  if  B1  is  placed  in  V  with  its  center  C^  at 
X,  then  a  'critical'  contact  between  Bjt  B2  and  the  walls  will  occur  at 
some  position  of  B2.  More  specifically,  at  such  a  critical  contact, 
either  B2  touches  both  Bj  and  some  wall  at  diametrically  opposite 
points  of  B2,  or  B2  touches  Bj  and  two  other  walls,  etc. 
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The  critical  curves  introduced  in  this  way  divide  V  into 
'noncritical'  subregions  R.  It  is  then  easy  to  state  necessary  and 
sufficient  conditions  for  two  configurations,  for  each  of  which  C^  lies 
in  the  same  noncritical  subregion  R,  to  be  reachable  from  each  other 
via  a  continuous  coordinated  collision-avoiding  motion  during  which  C^ 
remains  within  R  (see  Lemma  1.5).  After  stating  these  conditions  we  go 
on  to  study  crossings  of  Cj  from  one  noncritical  subregion  R  to  another 
R' ,  and  show  that  to  analyze  these  completely  we  have  only  to  concern 
ourselves  with  finitely  many  possible  types  of  crossings  (see  Lemmas 
1.8  and  1.9).  These  observations  enable  us  to  reduce  our  original 
motion-planning  problem  to  a  finite  combinatorial  problem  described  by 
a  finite  'connectivity  graph'  CG  which  characterizes  all  possible 
inter-region  crossings,  and  to  show  that  two  given  configurations  of  B^ 

and  B2  are  reachable  from  one  another  by  a  continuous 
collision-avoiding  motion  if  and  only  if  two  associated  vertices  in  the 
connectivity  graph  CG  are  reachable  from  one  another  in  CG. 

Once  this  is  done  we  go  on  to  examine  the  combinatorial  reduction 
of  our  originally  topological  problem  in  more  detail,  studying  the 
geometric  properties  of  the  critical  curves  mentioned  above.  These 
curves  are  seen  to  consist  of  line  segments  and  circular  arcs 
exclusively.  This  makes  straightforward  construction  of  the 
connectivity  graph  possible,  as  demonstrated  in  an  algorithm  presented 
below.  The  complexity  of  this  algorithm  is  analyzed  and  shown  to  be 
0(n3)(  where  n  is  the  number  of  distinct  convex  walls  appearing  in  the 
original  problem. 

After  this  treatment  of  the  two  circle  problem,  we  go  on  to  study 
the  three-circle  case.  Here  the  manifold  FP  of  free  configurations  of 
the  system  is  6-dimensional ,  but  we  can  project  FP  onto  the 
two-dimensional  space  of  positions  of  the  center  Ci  0f  Bi.  For  each 
such  fixed  position  X^;  the  two  remaining  circles  can  move  in  a  space 
MXj)  bounded  by  the  original  polygonal  walls  and  by  the  fixed  circle 
Bj.  The  connected  components  of  the  corresponding  4-dimensional  space 
P(X^)  of  configurations  of  B2  and  B3  can  be  found  by  the  technique  used 
in  the  case  of  two  circular  bodies,   and   using   our  analysis   of   the 
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two-circle  case  we  can  give  these  components  standard  labels. 
Accordingly,  we  can  classify  points  Xj  as  being  'critical'  if  this 
labeling  of  the  components  of  P(Xj)  changes  discontinuously  in  the 
neighborhood  of  X^  but  as  'noncritical'  otherwise.  Again,  critical 
points  are  seen  to  lie  on  finitely  many  'critical  curves'  which  are 
either  straight  segments,  circular  arcs,  plus  simple  algebraic  curves 
of  a  few  additional  kinds  having  degree  at  most  4,  and  the  connected 
regions  bounded  by  these  curves  are  regions  in  which  the  connectivity 
of  P(Xj)  is  constant.  As  in  the  two-circle  case,  we  then  go  on  to 
establish  'crossing  rules'  which  describe  the  manner  in  which  connected 
components  of  P(X^)  change  as  X^  crosses  a  critical  curve  from  one 
noncritical  region  to  another.  These  crossing  rules  are  used  to 
construct  a  connectivity  graph  and  to  reduce  the  original  problem  to  a 
combinatorial  search  through  this  graph,  in  much  the  same  manner  as  in 
the  two-circle  case. 

The  approach  to  the  three-circle  case  which  has  just  been  outlined 
is  recursive,  and  this  recursive  approach  can  be  generalized  to  the 
case  of  arbitrarily  many  independent  circular  bodies.  We  sketch  this 
general  recursive  approach  briefly,  but  do  not  give  details,  as  the 
complexity  of  these  details  would  increase  rapidly  with  the  number  of 
moving  circles  involved. 

The  present  paper  is  organised  as  follows.  Section  1  analyses  the 
two-circle  problem  and  reduces  it  to  combinatorial  terms.  Section  2 
contains  additional  geometric  details  pertaining  to  the  solution  of 
this  problem,  and  also  sketching  and  analyzing  the  algorithm 
corresponding  to  this  solution.  Section  3  handles  the  three-circle 
problem,  and  Section  4  discusses  the  case  of  arbitrarily  many  circles. 
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1.   Analysis   of   the  Two-circle   Problem:   Topological   and  Geometric 
Relationships ;  The  Connectivity  Graph. 

Let  Bj  ancj  B2  be  two  circular  bodies  with  centers  Ci,  C2  and  radii 
rl,r2  respectively.  We  suppose  that  r^  >  V2,  and  assume  that  the 
region  V  in  which  Bj  anQ  b2  are  free  to  move  is  a  two-dimensional  open 
region  with  compact  closure,  bounded  by  finitely  many  polygonal  walls 
which  can  be  partitioned  into  a  disjoint  collection  of  simple  polygonal 
closed  curves.  We  label  the  various  straight  line  segments  (walls) 
constituting  the  boundary  of  V  as  W,W' ,  etc.  To  avoid  various  minor 
technicalities  we  assume  that  the  complement  V  of  V  is  a 
two-dimensional  region  (called  the  wall  region)  having  the  same 
boundary  as  V.  This  excludes  cases  in  which  the  complement  of  V 
contains  one-dimensional  'slits'  or  isolated  points.  Furthermore,  the 
assumption  that  the  walls  separating  V  from  V  fall  into  a  disjoint 
union  of  closed  polygonal  curves  excludes  cases  in  which  a  boundary 
point  of  V  is  an  inner  point  of  two  distinct  boundary  curves.  Assume 
that  B2  is  placed  in  V  with  C2  at  some  point  X.  X  is  called  an 
admissible  point  if  when  C2  lies  at  this  position  B2  does  not  touch  or 
penetrate  any  wall.  Clearly,  a  point  is  admissible  iff  its  distance 
from  the  nearest  wall  is  at  least  r2.  (A  point  satisfying  the  somewhat 
more  stringent  condition  that  it  lies  at  distance  at  least  r^  from  any 
wall  is  said  to  be  admissible  for  Cj.)  it  is  plain  that  the  set  of 
admissible  points  is  a  finite  union  of  closed  connected  regions  bounded 
by  straight-line  segments  at  distance  r2  from  the  walls  bounding  V,  and 
by  circular  arcs  at  distance  r2  from  convex  corners  formed  by  these 
walls.  We  call  a  segment  at  distance  r2  fr0m  a  wall  a  displaced  wall, 
and  call  a  circular  arc  at  distance  r2  from  a  convex  wall  corner  a 
displaced  corner.  We  will  use  A  to  designate  the  set  of  all  admissible 
points,  and  Aj  to  designate  the  set  of  all  points  admissible  for  the 
center  C^  0f  the  larger  circle  Bj. 

Since  r^  r2,  the  region  in  which  the  center  of  B^  is  free  to 
move  (i.e.  the  set  Aj)  ±s  a  subset  of  A  (having  very  similar 
boundaries.)  If  the  center  C1  0f  Bj  is  put  at  a  point  X,  then  the  set 
of  positions  Y  available  to  C2  is  the  set-theoretic  difference  of  A  and 


the  circular  domain  bounded  by  the  circle  P(X)  whose  center  is  X  and 
whose  radius  is  r1+r2.  Such  a  pair  [X,Y]  of  points,  i.e.  a  position  X 
of  Cj  and  a  position  Y  of  C2  in  which  Bj  and  B2  neither  meet  each  other 
nor  any  wall,  is  called  a  free  configuration  of  the  bodies  B,  and  Bo. 
Similarly,  a  pair  [X,Y]  consisting  of  a  position  X  of  Cj  and  a  position 
Y  of  C2  is  called  a  semi-free  configuration  if  it  is  a  free 
configuration,  or  if,  at  these  positions,  either  B-^  and  B2  touch  (but 
do  not  cross)  each  other,  or  one  of  these  bodies  touches,  but  does  not 
penetrate  into,  some  wall.   The  set  FP  of  all  free  configurations  of  Bi 

and  B2  is  plainly  an  open  4-dimensional  manifold,  and  the  set  SFP  of 
all  semi-free  configurations  is  closed.  To  simplify  our  analysis  we 
shall,  without  seriously  restricting  the  problem,  assume  that  the  walls 
are  not  arranged  in  such  a  manner  that  either  of  the  circles  B,  and  Bo 
can  touch  three  points  on  the  walls  simultaneously,  nor  can  either 
circle  simultaneously  touch  two  points  on  the  walls  at  diametrically 
opposed  points,  nor  can  either  circle  simultaneously  touch  the  walls  at 
two  points,  one  of  which  is  a  common  endpoint  of  two  walls.  These  last 
assumptions  imply  that  no  two  displaced  walls  or  displaced  corners  are 
ever  tangent.  Hence  both  A1  and  A  are,  like  V,  bounded  by  a  finite 
collection  of  simple  closed  curves. 

To  analyze  the  irregularly  shaped  4-dimensional  manifold  SFP,  it 
is  convenient  to  project  SFP  into  a  more  easily  graspable  space  of 
fewer  dimensions.  A  natural  choice  in  this  case  is  to  project  SFP  onto 
the  two-dimensional  region  of  admissible  positions  X  for  Ci,  and  then 
consider  the  set  of  positions  available  to  B2  for  each  such  fixed 
position  of  C^.  This  leads  us  to  the  following  initial  definition  and 
lemma . 

Definition  1.1:  (a)  For  each  wall  edge  W,  let  | (W)  denote  the  displaced 
wall  W  (i.e.   the  locus  of  all  points  at  distance  r2  from  W.) 

(b)  For  each  convex  corner  E  between  two  wall  edges  W^  and  Wo,  let 
Y(WjW2)  denote  the  displaced  corner  E  (i.e.  the  circular  arc  at 
distance  r2  from  e  which  connects  /(Wj)  and  f(W2).) 
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(c)  For  each  fixed  position  X  of  C^  P(X)  will  designate  the  set  of  all 
positions  Y  available  to  C2.  That  is,  P(X)  is  A  -  p*(X),  where  p*(X) 
is  the  solid  disc  of  radius  r\+T2   centered  at  X. 

The  following  elementary  geometric  lemma  is  obvious  from  this 
definition,  and  from  the  fact  that  the  boundary  of  A  is  a  set  of  simple 
closed  curves,  each  made  up  of  straight  and  circular  arcs. 

Lemma  1.1:  (a)  For  each  X,  the  set  P(X)  is  the  disjoint  union  of  a 
finite  collection  of  open  connected  planar  regions,  each  of  which  is 
bounded  by  a  finite  number  of  straight  edges  and  circular  arcs.  For 
each  point  Y  on  the  boundary  of  such  a  region,  the  configuration  [X,Y] 
is  semi-free. 

(b)  For  each  pair  K  t  K'  of  connected  components  of  P(X),  the  boundary 
of  K  can  meet  the  boundary  of  K'  only  at  a  common  corner,  which  is 
necessarily  a  point  at  which  p(X)  is  tangent  to  some  displaced  wall  or 
corner. 

(c)  Every  straight  edge  or  circular  arc  in  the  boundary  of  a  component 
K  of  P(X)  is  either  contained  in  one  of  the  displaced  walls  or  corners, 
or  is  an  arc  of  the  circle  p(X).  Every  corner  of  K  is  convex,  i.e. 
the  interior  angle  of  K  at  that  corner  is  less  than  180  degrees. 

If  the  exterior  boundary  E  of  a  component  of  P(X)  does  not 
intersect  p(X),  then  E  consists  of  a  sequence  of  displaced  walls  and 
corners,  and  can  be  obtained  by  starting  at  any  segment  Sj  on  E, 
following  S^  until  its  intersection  with  a  subsequent  displaced  wall  or 
corner  S2,  and  so  forth  until  we  have  traced  out  a  simple  closed  curve. 
If  E  intersects  p(X),  then  its  intersection  with  p(X)  is  a  set  of  arcs 
of  p (X)  (some  of  which  may  degenerate  into  points)  and  E  consists  of 
these  arcs  and  of  various  connected  displaced  wall/corner  portions 
which  do  not  lie  interior  to  p(X).  These  displaced  wall  and  corner 
portions  are  also  straight  line  segments  and  circular  arcs,  and  the 
boundary  E  can  still  be  obtained  by  tracing  along  these  segments  and 
arcs,  and  along  arcs  of  p(X),  in  the  manner  just  outlined.    Note   that 
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several  separate  arcs  belonging  to  a  single  displaced  wall  or  corner, 
or  to  p(X),  can  appear  in  E.  We  label  the  exterior  boundary  E  (and  also 
the  component  K  of  P(X)  which  it  bounds)  with  the  circular  sequence  of 
displaced  walls,  corners,  and  arcs  of  p(X)  to  which  each  boundary 
segment  of  E  belongs,  and  arrange  this  sequence  in  the  order  in  which 
these  boundary  segments  appear  on  E  as  E  is  traversed  with  K  to  its 
right.  The  appearance  in  E  of  an  arc  of  p  is  indicated  simply  by 
including  the  symbol  p  in  the  labeling  sequence.  An  example  of  this  is 
shown  in  Fig.  1.1. 


Definition  1.2:  The  circular  sequence  of  displaced  walls  and  corners 
and  p(X)  containing  the  portions  of  the  exterior  boundary  of  a 
component  K  of  P(X)  arranged  in  the  order  of  traversal  outlined  above 
is  called  the  labeling  of  K,  and  is  written  A(K). 


Fig.  1.1.  Displaced  walls  and  the  circle  p.  The  dashed  connected 
component  of  P(X)  has  the  labeling  [y(W1w2) ,y(W2) .tCW^) ,y(W^ ) ,p ] . 
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Remark:  A  connected  component  K  of  P(X)  need  not  be  simply-connected. 
In  multiply-connected  cases  it  will  be  convenient  in  what  follows  to 
ignore  the  interior  boundaries  of  K  and  to  derive  the  labeling  of  K 
from  its  exterior  boundary  only. 

Suppose  that  p(X)  does  not  pass  through  any  point  at  which  two 
displaced  walls  or  corners  meet,  and  moreover  that  P(X)  is  not  tangent 
to  any  displaced  wall  or  corner  y(W)  (so  that,  if  p(X)  intersects  a 
curve  C  =  y(W)  or  C  =  y(W]W2),  then  p(X)  and  C  are  transversal  at  their 
point(s)  of  intersection.)  Then  it  is  clear  that  if  X  undergoes  a 
sufficiently  small  displacement,  the  displaced  walls  and  corners  which 
p(X)  intersects  remain  exactly  the  same,  also  that  all  points  of 
intersection  between  p(X)  and  these  displaced  walls/corners  move  only 
slightly,  and  finally  that  the  arcs  into  which  these  points  divide  p(X) 
and  these  displaced  walls/corners  change  only  slightly.  (That  is,  all 
these  geometric  objects  depend  continuously  on  X  in  a  sufficiently 
small  neighborhood  of  such  a  point.)  Hence  the  number  of  components  of 
P(X),  and  also  the  labeling  of  these  components,  remains  unchanged  when 
such  a  point  X  undergoes  a  small  displacement. 

The  following  definition  and  lemma  capture  these  basic  facts  and  a 
few  others. 

Definition  1.3:  A  point  X  is  called  critical  if  p(X)  either  passes 
through  some  point  at  which  two  displaced  walls  or  corners  meet,  or  is 
tangent  to  a  displaced  wall  or  corner  at  some  point.  If  X  is  not 
critical,  it  is  called  noncritical. 

Lemma  1.2:  (a)  The  set  of  critical  points  is  closed,  and  consists  of 
the  union  of  a  finite  collection  of  curves  of  the  three  following 
kinds: 

(i)  Straight-line  segments  which  lie  at  distance  r^+2r2  from  a  wall  W 
(i.e.   segments  at  distance  r1+r2  from  the  displaced  wall  y(W)); 

(ii)  Circular  arcs  which  lie  at  distance  r^+2r2  from  a  convex  corner  at 
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which  two  walls  W^t^  meet  (i.e.  arcs  at  distance  n+r2  from  the 
displaced  wall  corner  Y(WiW2))- 

(iii)  Circular  arcs  which  lie  at  distance  r^+r2  from  a  convex  corner  at 
which  two  displaced  walls  or  corners  meet. 

(b)  Removal  of  the  closed  set  of  critical  points  decomposes  the  set  Aj 
of  admissible  locations  of  the  center  Cl  0f  B}  into  a  finite  number  of 
disjoint  connected  open  regions  R1,R2,...,  (which  we  will  call  the 
noncritical  regions  of  the  present  case  of  our  movers'  problem).  As  X 
varies  in  such  a  region  R,  both  the  number  of  components  of  P(X),  and 
the  labeling  of  each  of  these  components,  remain  invariant,  and  these 
components  remain  at  positive  distance  from  each  other. 

Proof :  Part  (a)  is  obvious  from  the  definition  of  critical  points. 
Part  (b)  is  also  trivial,  and  follows  from  part  (a)  and  from  the 
preceding  discussion.   Q.E.D. 

The  following  lemma  shows  that  each  connected  component  of  P(X)  is 
defined  uniquely  by  the  labeling  which  we  have  assigned  to  it  (and  even 
by  a  small  portion  of  this  labeling). 

Lemma  1.3:  Let  X  be  a  noncritical  point  admissible  for  C^.  Let  K,K'  be 
two  connected  components  of  P(X),  and  suppose  that  there  exist  two 
boundary  segments  61,62,  both  of  which  are  portions  of  a  displaced 
wall,  a  displaced  corner,  or  of  p(X),  and  that  6^50  appear  as 
consecutive  components  in  both  circular  sequences  A(K),  A(K').  Then  K 
=  K' .  In  particular,  if  A(K)  =  A(K')  (up  to  a  circular  shift)  then  K  = 
K'. 

Proof :  By  definition,  the  two  curves  identified  by  6 ^  and  69  must  meet 
at  a  corner  D  of  K  and  at  a  corner  D'  of  K'.  By  the  final  statement  of 
Lemma  1.2(b)  we  must  have  D  *  D',  since  K  and  K'  are  at  positive 
distance  from  each  other.  Since  6j  and  62  are  both  either  straight  or 
circular  arcs,  they  can  have  at  most  two  points  of  intersection,  which 
must   therefore   be   D  and   D'   respectively.    It   follows   from   the 
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definition  of  X  that  the  curve  62  follows  the  curve  5j  as  we  trace  the 
boundary  of  K  (resp.  K' )  in  the  vicinity  of  D  (resp.  D')  with  K 
(resp.  K')  remaining  to  the  right.  However,  since  all  the  corners  of 
both  K,  K'  are  convex  (cf.  Lemma  1.1(c))  this  can  happen  at  one  of  the 
points  D,D'  but  not  at  both.  This  contradiction  implies  that  K  =  K' . 
Our  second  assertion  follows  immediately,  since  both  sequences  X(K), 
X(K')  label  the  exterior  boundary  of  a  region  bounded  by  straight  lines 
and  circles,  which  cannot  consist  of  a  single  circle  since  P(X)  always 
lies  on  the  convex  (outer)  side  of  any  circular  portion  of  its 
boundary.  Thus  X(K)  and  X(K')  must  be  sequences  of  length  at  least  2. 
Q.E.D. 

Definition  1.4;  Let  X  be  a  noncritical  point  admissible  for  C^.  Define 
a(X)  to  be  the  set 

{X(K)  :  K  a  connected  component  of  P(X)} 
Let  T  e  o(X),  and  let  S  be  a  contiguous  subsequence  of  T  containing  at 
least  two  curve  labels.  (Two  such  subsequences  will  be  called 
equivalent  at  X  if  they  are  both  subsequences  of  the  same  circular 
label  sequence  X(K).)  We  let  \|>(X,S)  denote  the  unique  connected 
component  K  (cf.   Lemma  1.3)  of  P(X)  for  which  X(K)  contains  S. 

The  following  lemma  is  an  immediate  consequence  of  Lemma  1.3, 
Definition  1.4,  and  of  the  observations  made  in  the  paragraph  preceding 
Lemma  1.2. 

Lemma  1.4:  Let  R  be  a  connected  open  noncritical  region  of  points 
admissible  for  Cj.  For  all  X  e  R  the  sets  a(X)  are  identical,  and  for 
each  T  belonging  to  such  a  set  a(X),  X  e  R,  the  function  \j/(X,T)  is 
continuous  (in  the  Hausdorff  topology  of  sets)  for  X  e  R. 

Definition  1.5:  For  each  noncritical  region  R  we  put  a(R)  =  a(X),  where 
X  is  a  point  chosen  arbitrarily  from  R. 

As  already  noted  (cf.  Lemma  1.2),  the  critical  curves  of  our 
problem  fall  into  the  two  following  categories. 
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Type  I :  For  each  wall  edge  W  (resp.  for  each  pair  W,  Wo  of  adjacent 
wall  edges)  the  locus  of  all  points  at  distance  *\+2t2  from  W  (resp. 
from  the  corner  at  which  Wj  and  W2  meet)  is  a  type  I  critical  curve. 

Type  II:  Let  61,62  be  a  pair  of  displaced  walls  or  corners  which 
intersect   at  a  point  D,  and  suppose  that  D  is  an  admissible  point  (for 

C2).  Then  the  circle  at  radius  r^+r2  about  D  is  a  type  II  critical 
curve. 

Note  that  this  category  of  critical  curve  also  includes  the  case 
in  which  6j  ancj  62  meet  at  a  common  endpoint  at  180  degrees  (i.e.  when 
6 1  is  a  displaced  wall  and  62  is  a  displaced  endpoint  of  that  wall,  or 
vice  versa);  the  curve  0'  in  Fig.   1.3  is  an  example  of  such  a  curve.) 


Fig.  1.2.   Type  I  critical  curves, 
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W///////////S//////// 


Fig.  1.3.   Type  II  critical  curves, 


These  two  types  of  critical  curves  will  be  analyzed  in  greater 
detail  in  the  next  section,  where  a  way  of  treating  various  degenerate 
cases  will  also  be  described. 

Lemma  1.5:  Let  R  be  a  connected  open  noncritical  subregion  of  the  set 
Ai  of  all  admissible  points  for  Cj.  Suppose  that  X  and  X'  are  both 
points  in  R.  Then  one  can  move  continuously  through  FP  from  a  given 
free  configuration  [X,Z]  to  another  such  configuration  [X',Z'],  via  a 
motion  during  which  Cj  remains  in  R,  if  and  only  if  the  connected 
component  <(Z,X)  of  P(X)  to  which  Z  belongs  has  a  labeling  X(<(Z,X)) 
equal  to  the  labeling  X(k(Z',X'))  of  the  connected  component  ic(Z',X') 
of  P(X')  to  which  Z'  belongs. 


Proof :   It   is  clear  from  Lemma  1.4  that  <(U,Y)  changes  continuously  as 
[Y,U]  moves  continuously  through  FP  with  Y  remaining  in  R,  so  that   the 
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label  X(k(U,Y),Y)  cannot  change  during  such  a  motion.  This  proves  the 
'only  if  part  of  the  present  lemma. 

For  the  converse,  put  A  =  A(k(Z,X))  =  X(k(Z',X')).   Take   a   curve 
c(t),  0  <  t  <  1,  that  connects  X  to  X'  in  R,  and  consider  the  mapping 

f(t)  =  *(c(t),A),      (Kt<l, 

which,  by  Lemma  1.4,  is  continuous.  Note  that  the  connected  component 
f(t)  varies  with  t  only  due  to  the  motion  of  p(c(t)).  Choose  some 
fixed  tQ  in  the  interval  CKtn<l.  Then  the  boundary  of  the  connected 
component  K  =  f(tQ)  0f  P(c(tQ))  must  contain  a  point  U  at  which  two 
displaced  walls  or  corners  meet.  Indeed,  as  observed  previously,  the 
boundary  of  K  consists  entirely  of  arcs  of  p(c(t))  and  of  such 
displaced  walls  and  corners,  all  of  which  are  straight  line  segments 
and  circular  arcs,  and  K  lies  on  the  convex  (outer)  side  of  any 
circular  arc  of  its  boundary.  Thus  the  boundary  of  K  must  include  at 
least  two  arcs  other  than  p(c(t0)),  and  hence  must  have  a  corner  U 
outside  p(c(t0)).  By  Lemma  1.2,  any  value  c(t)  for  which  p(c(t)) 
passed  through  U  would  lie  on  a  critical  curve,  contradicting  the 
hypotheses  of  the  present  lemma.  It  follows  that  this  can  never 
happen,  i.e.  U  must  be  a  corner  of  the  boundary  of  all  the  connected 
components  f(t),  0<t<l,  and  during  the  motion  c(t)  of  Ci  the  circle 
p(c(t))  never  passes  through  U.  Hence  there  exists  a  free  position  V 
near  U  inside  f(t)  for  all  CKt'l.  But  then  the  required  motion  of  the 
two  circles  B^  ancj  B2  can  be  constructed  as  follows: 

(a)  Move  B2  inside  k(Z,X)  =  f(0)  from  Z  to  V; 

(b)  Move  B^  along  the  curve  c(t)  from  X  to  X'; 

(c)  Move  B2  from  V  to  Z'  along  a  path  inside  <(Z',X')  =  f(l).   Q.E.D. 

Definition  1.6:  Let  R  be  a  connected  open  noncritical  region.   Then 

(a)  C(R)  is  the  set  of  all  free  configurations  [X,Z]  such  that  X  s  R. 

(b)  For  each  pair  £  =  [R,A],  where  A  e  o(R),  we  define  C(C)  to   be   the 
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set  of  all  [X,Z]  e  C(R)  such  that  Z  belongs  to  the  connected  component 
*(X,A). 

It  is  obvious  from  Lemma  1.5  that  the  connected  components  of  C(R)  are 
the  sets  C(0  of  the  form  defined  in  (b). 

Next  we  consider  what  happens  when  the  center  C^  of  B^  crosses 
between  noncritical  regions  Rj,  R2  separated  by  a  critical  curve.  The 
following  simple  lemma,  taken  from  [SSI],  rules  out  extreme  cases  that 
would  otherwise  be  troublesome. 

Lemma  1.6:  Let  p( t)  =  [x( t) , z(  t) ]  be  a  continuous  curve  in  the  open 
four-dimensional  manifold  FP  of  free  configurations  of  B^  and  B2« 
Suppose  that  the  end-points  [X,Z],  [X',Z']  of  p  are  specified.  Let 
{X1..Xn}  be  any  finite  collection  of  points  in  the  2-dimensional  space 
V  not  containing  either  X  or  X'.  Then  by  moving  p  slightly  we  can 
assume  that,  during  the  motion  described  by  p,  C^  never  passes  through 
any  of  the  points  Xj.,xn. 

Proof:  The  subset  of  FP  for  which  C^  lies  at  one  of  the  points  Xi...Xn 
is  a  finite  union  of  submanifolds  of  dimension  2,  and  these  can  never 
disconnect  the  four-dimensional  manifold  FP,  even  locally.  (See  [Sc]). 
Q.E.D. 

Remark:  A  similar  argument,  based  on  Sard's  lemma  (see  [Sc])  shows  that 
by  modifying  any  given  free  motion  very  slightly,  we  can  always  ensure 
that  the  curve  x(t)  traced  out  by  C1  during  the  motion  p(t)  has  a 
nonvanishing  tangent  everywhere  along  its  length,  and  that,  given  any 
finite  set  3]_,  .  .  ,6n  of  smooth  curves  in  two-dimensional  space,  we  can 
assume  that  the  tangent  to  x(t)  lies  transversal  to  B^  at  any  point  in 
which  x(t)  intersects  Bj  (see  [Sc]).  Moreover,  we  can  assume  that  the 
position  z(t)  of  C2  is  constant  and  x(t)  is  linear  in  t  for  all  points 
along  p  lying  in  a  sufficiently  small  neighborhood  of  each  such 
intersection. 
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These  observations  imply  that  in  order  to  characterize  the 
connected  components  of  the  four  dimensional  manifold  FP,  it  is 
sufficient  to  analyse  what  happens   as   x(t)   crosses   between   regions 

^IjR-2  along  a  line  L  transveral  to  a  critical  curve  3  separating  these 
two  regions,  such  that  L  does  not  pass  through  any  point  common  to  two 
critical  curves.  Moreover,  we  can  suppose  that  B2  maintains  a  constant 
position  in  the  neighborhood  of  each  such  crossing. 

Lemma  1.7:  Suppose  that  (a  portion  of)  the  critical  curve  C  forms  part 
of  the  boundary  of  a  noncritical  region  R,  and  that  S  is  a  (subsequence 
consisting  of  at  least  two  successive  components  of  an)  element  of 
a(R).  Put  f,  =  [R,S].  Let  X  e  3,  and  let  Yn  K  r  and  Yn  >  X.  Then  the 
(region-valued)  sequence  y(Yn>s)  converges  (in  the  Hausdorff  topology 
of  sets)  to  a  unique  closed  set,  which  we  denote  by  ,>(X,~),  whose 
interior  is  contained  in  P(X)  and  is  a  union  of  connected  components  of 
P(X).  If  T  e  a(R),  T  t  S,  and  n  =  [R,T],  then  int(<j>(X,C ) )  and  <J>(X,n) 
are  disjoint  for  each  X  e  0.  For  each  Z  e  V  the  set  {X  e  3  :  Z  e 
int(<J>(X,§  ) ) }  is  open  in  3. 

Proof :  As  already  noted,  the  boundary  curves  of  any  region  P(X)  are 
either  straight  or  circular  arcs;  this  observation  holds  irrespective 
of  whether  X  is  a  critical  or  noncritical  point.  Moreover,  P(X)  lies 
on  the  outer  (convex)  side  of  each  of  its  circular  boundary  arcs.  As 
previously,  we  can  orient  these  arcs  by  imposing  the  condition  that 
P(X)  lies  to  the  right  of  each  oriented  boundary  arc.  Note  that  this 
convention  gives  a  counterclockwise  orientation  to  arcs  lying  on  the 
circle  p(X).  Moreover,  p(X)  can  intersect  a  boundary  arc  a  of  A  in  at 
most  two  points,  and  if  both  these  intersections  actually  occur  one  of 
them  will  be  uniquely  defined  as  the  first  point  of  contact  of  p(X) 
with  a,  namely  the  point  p  for  which  the  arc  on  p(X)  containing  p  is 
oriented  from  p,  and  the  other  point  q  will  be  uniquely  defined  as  the 
second  point  of  contact,  i.e.  for  which  the  corresponding  arc  of  p(X) 
is  oriented  towards  q. 
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Let  X  be  a  critical  point  and  let  Y^+x.  Then  the  first  (resp. 
second)  point  pn  0f  contact  of  p(Yn)  with  any  fixed  boundary  arc  a  of  A 
converges  to  the  first  (resp.  second)  point  p  of  contact  of  p(X)  with 
a  (these  latter  two  points  may  coincide).  The  collection  of  all  these 
limit  points  p  represent  some,  but  not  necessarily  all,  the  points  of 
contact  of  p(X)  with  the  boundary  of  A,  since  a  finite  number  of 
additional  tangencies  of  p(X)  with  that  boundary  can  occur  as  Yn 
approaches  the  limiting  position  X.  The  limit  set  (j>(X,£)  of  the 
sequence  of  components  iKYRjs)  is  bounded  by  the  limiting  arcs  to  which 
the  boundary  arcs  of  <J;(Yn>s)  converge;  note  that  these  are  arcs  of 
fixed  portions  of  the  boundary  of  A  delimited  by  limiting  positions  p 
of  points  of  intersection  of  P(Yn)  with  fixed  boundary  arcs,  plus 
similarly  delimited  arcs  of  p(X).  Moreover,  certain  of  the  arcs 
appearing  in  the  boundary  of  \|/(Yn,S)  can  shrink  to  points,  while  other 
may  be  split  by  new  points  of  tangency  of  p(X)  with  the  boundary  of  A, 
as  Yn*x. 

It  is  plain  from  the  foregoing  that  int(<J>(X,C) )  is  contained  in 
P(X).  If  p(X)  is  tangent  to  fixed  boundary  arcs  a  of  A  at  points  which 
are  not  limits  of  intersections  of  P(Yn)  with  such  arcs,  then 
int(<*>(X,£ ) )  need  not  be  connected.  However,  since  any  closed  arc  in 
int(<)>(X,S ))  is  disjoint  from  p(Yn)  for  all  sufficiently  large  n, 
int(4>(X,5))  contains  every  point  of  any  component  of  P(X)  which  it 
intersects,  so  that  int(<j>(X,£ ) )  is  a  union  of  components  of  P(X). 

Next,  let  Z  e  int(<J>(X,£ ) ) ,  so  that  Z  e  P(X),  and  therefore  Z  e  FP. 
Then  there  exists  a  small  disc  U  about  Z  which  is  free  of  points  of  the 
boundary  of  <j>(X,0>  and  hence  free  of  all  points  on  the  boundary  of 
^(Yn,S)  for  all  sufficiently  large  n.  Thus,  for  large  n,  U  is  either 
wholly  contained  within  \Jj(Ynjs)  or  wholly  outside  it.  However,  the 
case  U*4)(Yn>s)  =  {}  for  all  large  n  is  impossible,  since  Z  e  <|>(X,C) 
which  is  the  limiting  set  of  <|>(Yn,S).  It  follows  that  Z  e  >KYn,S)  for 
all  large  n.  If  Z  e  <J>(X,n)  also,  then  since  Z  e  FP  it  is  part  of  the 
interior,  not  the  boundary,  of  <f>(X,n),  we  can  argue  in  the  same  way  to 
deduce  that  Z  e  tp(Yn,T)  for  all  large  n,  which  is  impossible  since  the 
sets  tKYnjs)  and  \|>(Yn,T)  are  disjoint. 
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Next  we  show  that  for  each  Z  e  V  the  set  3(Z)  =  {X  e  3  :  Z  e 
int(<j>(X,5 )) }  is  open  in  3-  For  this,  let  X  belong  to  3(Z).  By  what  we 
have  just  shown,  [X,Z]  e  FP,  and  hence  for  all  Y  e  R  lying  in  a 
sufficiently  small  neighborhood  U  of  X  the  point  Z  belongs  to  some  set 
i|>(Y,[R,T])  with  T  fixed.  (Indeed,  choose  U  to  be  an  arcwise  connected 
neighborhood  of  X  in  R  sufficiently  small  so  that  [Y,Z]  e  FP  for  all  Y 
e  U.  Then  Ux{Z}  is  a  connected  subset  of  C(R),  and  so  must  be  contained 
in  one  of  its  connected  components.)  Therefore  Z  c  <}>(X,  [R,T] ) ,  and 
since  we  have  just  shown  that  <J>(X,[R,T])  and  int(<j>(X,  [R,S] ) )  are 
disjoint  if  R  *  S,  we  must  have  R  =  S.  It  therefore  follows  that  Z  e 
int(<(>(X',0)  for  all  X'  e  3  sufficiently  near  X,  so  that  the  set  3(Z) 
must  be  open.   Q.E.D. 

Lemma  1.8:  Suppose  that  (a  portion  of)  a  smooth  critical  curve  3 
separates  two  connected  noncritical  regions  R^  and  R2  and  that  Rj+R2+3 
is  open.  Let  Sj  (resp.  S2)  be  a  subsequence  (containing  at  least  two 
components)  of  an  element  of  a(R^)    (resp.   o(R2).   Put  £1  =  [R^S^j  and 

?2  =  [R2>s2]>  and  let  cl  =  C(5i),  C2  =  CU2)«  Then  the  following 
conditions  are  equivalent: 

Condition  A:  There  exists  a  point  X  e  3  such  that  the  open  sets 
int((f>(X,C  1 )) ,  int(<j>(X,52) )  have  a  non-null  intersection. 

Condition  B:  There  exists  a  smooth  path  c(t)  =  [x(t),z(t)]  e  FP  which 
has  the  following  properties: 

(i)  c(0)  e  C1$  c(l)  e  C2; 

(ii)  x(t)  e  R1+r2+3  for  all  0<t<l; 

(iii)  x(t)  crosses  3  just  once,  transversally ,  when  t=tg,  0<tQ<l ,  and 
z(t)  is  constant  for  t  in  the  vicinity  of  tQ. 

Proof :  Suppose  first  that  there  exists  a  path  [x(t),Z]  in  the  open 
4-dimensional  manifold  FP  of  free  configurations  of  B^  and  B2 
satisfying  (i)  -  (iii)  of  Condition  B.  (By  Lemma   1.6  we   can  assume 
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without  loss  of  generality  that  Z  is  constant  throughout  this  whole 
path.)  Let  K(t)  denote  the  open  connected  component  of  P(x(t)) 
containing  Z.  Since  c(0)  e  Cj,  it  follows  from  Lemma  1.5  that  for  t<tQ 
we  have  K(t)  =  i|>(x(t)  >$i).  Similarly,  for  t>tQ  we  have  K(t)  = 
^(x(t),S2).  Moreover  since  for  t<tg  we  have  Z  e  \J>(x(t),Si),  it  follows 
from  Lemma  1.7  that  Z  e  4>(X,£j).  However,  since  Z  is  a  free  position 
for  C2,  and  since  the  boundary  of  <(> (X, C 1 )  consists  of  positions  which 
are  semi-free  but  not  free,  we  must  have  Z  c  int(<t>(X,5^) ) .  Similar 
reasoning  applied  to  t>tg  shows  that  Z  also  lies  in  int(<t>(X,?2) )  * 
Hence  these  interiors  have  a  non-null  intersection,  thus  establishing 
Condition  A. 

Next  Suppose  that  Condition  A  holds.  Let  Z  e  P(X)  be  a  point  in 
the  intersection  of  the  sets  int(<j>(X,5 1) )  and  int((f>(X,?2) )  •  Since 
[X,Z]  e  FP  and  3  is  a  smooth  curve  with  a  nonvanishing  tangent  (as  will 
be  shown  below),  we  can  draw  a  short  curve  x(t)  crossing  3  at  X  from  Rj 

to  R2,  such  that  x(t)  satisfies  (ii)  and  (iii)  of  Condition  B,  and  such 
that  for  all  t  the  condition  [x(t),Z]  e  FP  is  satisfied.  It  follows 
from  Definition  1.6  and  the  remark  following  it  that  there  exist  ^i,A? 
belonging  to  a(R1))0(R2)  respectively  such  that  [x(t),Z]  e  CCIR^AJ) 
for  t<t0,  and  [x(t),Zj  e  C([R2,A2])  for  t>t0.  By  Lemma  1.7  we  have  Z  e 
4>(X,  [R^  ,A-jJ  )  for  i=l,2.  However,  since  by  Lemma  1.7  the  interior  of 
<(>(X,  [Ri,5i]  )  is  disjoint  from  <j>(x>  [Ri  >?il  )  if  ^±*^±»  we  must  have  Aj_  = 
K±  for  i=l,2.  Therefore  c(t)  e  C(£i)  for  t<tg  and  c(t)  e  C(?2)  for 
t>tQ,  showing  that  Condition  B  holds.   Q.E.D. 

Next  we  show  that  if  condition  A  of  the  preceding  Lemma  holds  for 
one  point  lying  on  a  portion  3 '  of  3  not  intersected  by  any  other 
critical  curve,  this  same  condition  holds  for  all  points  of  3'.  This 
fact,  closely  related  to  similar  assertions  derived  in  [SSI],  [SS2], 
allows  us  to  derive  crossing  rules  for  3'  without  having  to  be 
concerned  with  the  particular  point  at  which  we  cross. 

Lemma  1.9;  Let  the  smooth  critical  curve  3  separate  the  two  noncritical 
regions  R^  and  R2.  Let  3'  be  a  connected  open  segment  of  3  not 
intersecting  any   other   critical   curve,  and  suppose  that  3 '+R1+R2  is 
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open.  Let  Slss2,  C l»^2  be  defined  as  in  Lemma  1.8.  Then  the  set  of  X 
e  8'  for  which  the  open  sets  int(<|>(X,C  i) )  and  int(<j>(X,?2))  nave  a 
non-null  intersection  is  either  all  of  8'  or  is  empty. 

Proof :  Let  M  be  the  set  of  all  Y  e  8'  for  which  the   sets   int(tj>(Y,£  j) ) 

and  int(<j)  (Y,?  2) )  have  a  point  in  common.  Since  M  is  the  union  of  all 
sets  of  the  form 

{Y  e  8  :  Z  e  int(<|)(Y,51))}*{Y  e  0  :  Z  e  int(<J>(Y,52))}  . 

for  Z  z  V,  and  since  by  Lemma  1.7  each  of  these  sets  is  open,  it 
follows  that  M  is  open.  Hence  we  have  only  to  show  that  M  is  also 
closed.  Suppose  the  contrary;  then  there  exists  an  X  z  3'  such  that 
int(^j)(X,^))  and  int  (J>  (X,  \  2) )  are  disjoint  but  for  which  there  also 
exists  a  sequence  Yn  0f  points  on  V  converging  to  X  such  that  for  all 
n  the  sets  int(.]>(Yn,,;  x) )  and  int(<J>(Yn,C2))  intersei=t  each  other. 

By  Lemma  1.7,  for  each  ns>  1  the  sets  int( <KYn ^  •) ) >  j=l,2,  are 
unions  of  connected  components  of  P(Yn).  Thus,  passing  to  a 
subsequence  if  necessary,  we  may  assume  that  for  each  n> 1  both  sets 
int(<j>  (Yn,5  •) )  t  j=l,2,  contain  a  connected  component  Kn  of  P(Yn)  for 
which  ^(^n)  is  constant.  We  will  prove  that  these  sets  Kn  converge  in 
the  Hausdorf f  topology  of  sets  to  some  set  {D} ,  where  D  is  the 
intersection  of  two  displaced  walls  or  corners  Yj/fo.  For  this,  note 
that  the  boundary  of  all  the  ^  must  contain  some  fixed  corner  D  at 
which  a  certain  fixed  pair  Yi,Y2  of  displaced  walls  meet.  If  the 
circles  p(Yn)  intersect  both  these  displaced  walls  at  a  sequence  of 
points  converging  to  D,  then  it  is  clear  that  K^  converges  to  {D}  in 
the  Hausdorff  metric.  Suppose  therefore  that  U  is  a  small  circular 
neighborhood  of  D  of  radius  5,  not  intersecting  any  fixed  displaced 
wall  other  than  Y].,Y2»  such  that  either 

(a)  p(Yn)  does  not  intersect  either  Yl  or  Y2  within  U,  or 

(b)  )(Yn)  intersects  one  of  Yi,v2  (for  def initeness ,  say  j)  at  a 
sequence  of  points  converging  to  D,  but  does  not  intersect   2  within  U. 
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Let  Pj  and  P2  be  points  on  Yl>Y2  respectively  at  distance  6/2  from 
D.  In  case  (a)  it  is  clear  that  the  whole  interior  of  the  region 
bounded  by  ai,a2,  and  by  the  circle  of  radius  6/2  about  D,  lies  outside 
all  the  circles  P(Yn)  and  hence  belongs  to  both  <j>(X,£j),  j=l,2. 
Similarly,  in  case  (b)  the  whole  part  of  U  lying  between  ot2  and  a 
circle  of  the  same  radius  as  p(Yn)  tangent  to  c*2  at  D  and  containing  ot2 
in  its  exterior,  belongs  to  both  ^(X^j),  j=l,2.  Hence  in  both  cases 
we  have 

int(<|>(X,Si))  *  int(MX,52))  *  <}, 
contrary  to  assumption. 

This  proves  that  K^  +  {D} ,  and  implies  that  for  large  n,  the 
circle  p(^n)  must  intersect  both  of  the  arcs  Y].,Y2>  at-  a  sequence  of 
points  converging  to  D,  but  not  identical  to  D.  But  then  X  must  lie  on 
the  circular  type  II  critical  curve  3q  having  D  as  center  and  radius 
rj+r2.  Since  p(Yn)  does  not  pass  through  D,  Yn  does  not  lie  on  Bo 
Hence  B  *  Bq,  so  that  X  lies  on  two  distinct  critical  curves,  contrary 
to  assumption.  This  proves  that  M  is  closed,  and  then  as  noted  the 
lemma  follows  immediately.   Q.E.D. 

Corollary:  Let  R1,R2,B  be  as  in  Lemma  1.9,  and  let  Tj  e  a(R.j_),  i=l,2. 
Let  Xj  e  6.  Then  int(i}>(X1 ,  [Rj  ,Tj  ] ) )  and  int(<|>(Xl ,  [R2,T2] ) )  have  a 
non-null  intersection  if  and  only  if  there  exists  an  intersecting  pair 
S  =  W^W2  of  r2-displaced  walls  or  corners,  through  which  intersection 
P 12(^1 )  does  not  pass,  which  bound  an  open  angle  a  <  tt  (not  containing 
any  other  ^-displaced  wall)  and  having  the  following  property:  For  any 
(and,  equivalently ,  for  every)  Xj'  e  r-  j=l,2,  there  exists  e  >  0  such 
that  all  points  interior  to  a  and  lying  within  distance  <  e  from  its 
apex  belong  to  a  component  of  P(X^')  whose  external  boundary  has  the 
label  Tj. 

Proof:  First  suppose  that  such  a  pair  S  exists,  and  let  X2  lie  in  a  and 
be  near  enough  to  the  apex  of  a  to  be  disjoint  from  P 1 2CX1 ' )  for  a1^ 
>V   in  a   small   neighborhood  U   of  X\.        Then  it  is  clear  that  any 
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sufficiently  small  neighborhood  V  of  X2  will  be  included  in 
<KXj',[Rj,Tj])  if  Xj'  e  U  and  X j '  e  R j ,  j-1,2.  Hence  V  is  a  subset  of 
both  intC^CXj,  [r^Tj]  ))  and  int(<j)  (Xj  ,  [R2  ,T2  ] ) ) ,  proving  that  these  sets 
have  a  nonempty  intersection. 

Conversely,  suppose  that  these  sets  have  a  nonenpty  intersection. 
Then,  by  Lemma  1.7,  they  have  a  connected  component  K  of  P(Xj)  in 
common.  Since  K  lies  exterior  to  each  of  its  bounding  circles,  some 
corner  of  K  must  lie  off  Pi2(Xj).  At  this  corner,  two  displaced  walls 
or  corners  W^  ancj  w2  must  meet  and  bound  an  angle  a  <  7T ;  all  points  X2 
interior  to  this  angle  and  close  enough  to  its  apex  belong  to  K.   Take 

such  a  point  X2;  then  it  is  clear  that  for  Xj '  sufficiently  close  to 
X-l,  X2  e  <KXi'  ,  [Rj.Tj]  )  if  Xi'  £  Rj,  j=l,2;  hence  X2  remains  in 
<Kxl'  '  ,  [R j, Tj]  )  as  long  as  X]/'  can  be  connected  to  X\'  by  a  path  in  Rj 
for  which  the  circle  Pi2(X]/')  does  not  pass  through  X2.  If  X2  lies 
near  enough  to  the  apex  of  a,  which  is  a  point  disjoint  from  Pi2(Y^) 
for  all  noncritical  Y^  the  Xj '  '  having  this  property  will  approximate 
the  whole  of  R^.   Q.E.D. 

As  in  [SSI],  we  can  now  define  a  finite  graph,  called  the 
connectivity  graph  for  the  case  of  two  independent  circular  bodies, 
whose  edges  describe  the  way  in  which  the  components  of  the  sets  C(R) 
connect  as  we  cross  between  adjacent  noncritical  regions  R. 

Definition  1.7:  The  connectivity  graph  CG  of  an  instance  of  our  case  of 
the  movers'  problem  is  an  undirected  graph  whose  nodes  are  all  pairs  of 
the  form  [R,T]  where  R  is  some  connected  noncritical  region  (bounded  by 
critical  curves)  and  where  T  is  an  equivalence  class  of  labels  which 
are  all  subsequences  (having  length  at  least  2)  of  the  same  element  of 
a(R)  (i.e.  they  all  label  the  same  connected  component  of  P(X),  for 
each  X  e  R).  The  graph  CG  contains  an  edge  connecting  [R^Tj]  and 
[R2,T2]  if  and  only  if  the  following  conditions  hold: 

(1)  Rj  and  R2  are  adjacent  and  meet  along  a  critical  curve  6 • 

(2)  For   some   one  of  the  open  connected  portions  3'  of  £  contained  in 
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the  common  boundary  of  Rj  and  R2  and  not  intersecting  any  other 
critical  curve,  and  for  some  (and  hence  every)  point  X  e  B'  there  exist 
Sj  £  Tj_,  S2  E  T2  such  that  the  sets  int(4>(X,  [Ri ,  S1  ]  ) )  and 
int(<j>(X,  [R2,  S2] ) )  have  a  non-null  intersection. 

We  can  now  state  the  main  result  of  this  section. 

Theorem  1.1:  There  exists  a  continuous  motion  c  of  B^  and  B2  through 
the  space  FP  of  free  configurations  from  an  initial  configuration 
[Xi,Y]J  to  a  final  configuration  [X2,Y2]  if  and  only  if  the  vertices 
[R1,T]J  and  [R2,T2]  of  the  connectivity  graph  CG  introduced  above  can 
be  connected  by  a  path  in  CG,  where  R^(  R2  are  the  noncritical  regions 
containing  X1}  x2  respectively,  and  where  T^  (resp.  T2)  is  the  marking 
of  the  connected  component  in  P(Xj)  (resp.   P(X2))  containing  Y^  (resp. 

Y2). 

Remark :  We  assume  here  that  neither  X^  nor  X2  lies  on  a  critical  curve. 
If  either  Xj  0r  X2  lies  on  such  a  curve,  we  first  move  X\  (or  X2) 
slightly  into  a  noncritical  region,  and  then  apply  the  above  theorem. 

Proof :  Suppose  that  there  exists  a  path  connecting  [Ri,T^]  to  [R2,T2] 
in  CG.  Let  [R,T] ,  [R',T']  be  two  adjacent  nodes  along  that  path.  Then 
Lemma  1.5  implies  that  R  *  R' ,  and  Lemma  1.8  implies  that  there  exists 
a  short  path  in  FP  connecting  points  in  C([R,T])  to  points  in 
C([R',T']).  Since  by  Lemma  1.5  any  two  points  in  C( [R,T] )  can  be 
connected  to  each  other  by  a  path  in  FP,  one  can  construct  a  path  in  FP 
connecting  [X^Y^]  to  [X2,Y2]  by  an  appropriate  concatenation  of 
'crossing  paths'  between  two  domains  C(u^))  C(u9),  and  of  internal 
paths  within  such  domains. 

Conversely,  if  there  exists  a  path  p(t)  =  [x(t),z(t)]  in  FP 
connecting  the  two  configurations  [X1}Y]J  and  [X2,Y2],  then  we  can 
assume,  using  Lemma  1.6  and  its  corollary,  that  this  path  is  such  that 
x(t)  crosses  critical  curves  only  finitely  many  times,  transversally , 
avoiding  intersections  between  critical  curves,  and  that  z(t)  is 
constant   near   each  such  crossing.   Lemma  1.8  and  the  definition  of  CG 
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then  imply  that  by  tracing  the  domains  C(u)  through  which  p  passes,  one 
obtains  a  path  in  CG  connecting  [Ri.Tj  and  [R2.T2].   Q.E.D. 
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2.  Additional  Geometric  and  Algorithmic  Details. 

In  this  section  we  will  study  the  critical  curves  and  their 
associated  crossing  rules  in  more  detail.  As  will  be  shown  below,  the 
crossing  patterns  that  can  arise  are  quite  similar  to  those  described 
in  [SSI]  for  a  single  polygonal  body.  Specifically,  assuming  that  no 
two  critical  curves  coincide,  exactly  one  of  the  three  following 
crossing  patterns  can  arise  as  we  cross  a  critical  curve  9  at  a  point  X 
not  lying  on  any  other  critical  curve  (in  what  follows  Rj  and  R2  are 
the  regions  lying  on  the  two  sides  of  9  near  X,  and  for  specificity  we 
assume  that  P(X)  for  X  x  R^  contains  at  least  as  many  components  as 
P(X)  for  X  t  R2): 

(i)  One  component  of  P(X)  may  shrink  to  a  point,  and  then  disappear,  in 
which  case  ?(Ri)  consists  of  all  labels  in  £(R2)  plus  an  extra  label 
marking  this  component . 

(ii)  Two  connected  components  of  P(X)  may  join  each  other  at  a  point  as 
X  approaches  6,  and  then  merge  with  each  other  as  6  is  crossed.  In 
this  case,  5(Ri)  consists  of  all  the  labels  in  £(R2),  plus  the  labels 
of  the  two  components  that  merge  as  we  cross  into  R2,  less  the  label  of 
the  component  into  which  these  two  components  merge. 

(iii)  The  labeling  T^  0f  one  component  of  P(X)  may  change  to  another 
labeling  T2  as  6  is  crossed.  In  this  case,  £(Ri)  and  £(R2)  differ  by 
just  two  components,  one  of  which  appears  in  5(Rj))  the  other  in  £(R2). 

The  crossing  rules  then  assume  the  following  simple  and  general 
form:  Connect  [Ri,T]  to  [R2,T]  for  each  T  t  C(Ri)*£(R2) ,  and  connect 
each  [Ri.Tj,  Tj  x  ^(Rl)-^(R2h    t0  each  [R2>T2]>  T2  T  C(R2)"?(Rl). 

Next  we  give  additional  details  concerning  the  structure  of  the 
various  critical  curves  decribed  in  the  section  1,  state  'crossing 
rules'  for  each  type  of  curve  as  special  cases  of  the  general  crossing 
rule  just  given,  and  explain  how  to  deal  with  degenerate  cases  in  which 
several  critical  curves  become  coincident. 
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As  noted  earlier,  the  critical  curves  fall  into  the  following   two 
categories. 

Type  I_  curves :  These  consist  of  concatenated  sequences  of  line  segments 
and  circular  arcs  at  distance  d  =  rj  +  2^  from  a  convex  wall  section  W. 
Ignoring  the  exceptional  case  (treated  below)  in  which  there  exist  two 
parallel  walls  exactly  2d  apart,  we  can  easily  see  what  happens  as  we 
cross  such  a  curve  6  at  a  point  X  not  lying  on  any  other  critical 
curve.  Specifically  (see  Fig.  2.1),  when  we  cross  at  X  from  Rj  to  Rt, 
there  appears  exactly  one  new  position  Z  at  which  the  stationary 
boundary  curve  £(W)  and  the  moving  curve  <(X)  touch  each  other.  If  B, 
is  placed  with  its  center  at  a  point  X'  T  R^  near  X,  these  two  curves 
will  not  meet,  whereas  if  Bj  is  placed  with  its  center  at  X''  IN  R£ 
near  X,  these  two  curves  will  intersect  each  other.  This  implies  that 
there  exists  a  neighborhood  N  of  Z  such  that  N*P(X')  is  connected, 
whereas  N*P(X'')  is  not.  Hence  when  we  cross  8  at  X  from  Rj  to  R? , 
either  a  connected  component  of  P(X')  splits  into  two  separate 
components,  or  an  interior  boundary  curve  of  some  connected  component  K 


f  (X)\ 


\ 


jr(w) 


ri*r2 


s 


M//////////A*y////////////y 


Fig  2.1.   Crossing  a  type  I  critical  curve, 
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of  P(X')  comes  to  touch  another  boundary  curve  (interior  or  exterior) 
of  the  same  K.  To  ease  the  statement  of  the  crossing  rule  that  applies 
in  this  case,  we  find  it  convenient  to  represent  the  node  [R,T]  of  CG 
corresponding  to  a  connected  component  K  of  P(X)  for  any  X  t  R  as 
follows:  T  is  represented  as  a  collection  of  circular  lists,  each 
having  the  form  [ tj , . . . , tm] ,  where  each  t^  is  either  a  wall  section  or 
is  Bj.  Each  such  list  describes  a  connected  (interior  or  exterior) 
portion  £  of  the  boundary  of  K,  specifically  by  listing  the  wall 
sections  which  contain  the  boundary  curve  segments  comprising  £  ,  which 
we  arrange  in  the  order  in  which  they  appear  as  c,  is  traversed  with  K 
to  the  right. 

Keeping  this  convention  in  mind,  let  [Ri,Ti]  be  the  node  designating 
the  component  K,  where  first  we  suppose  that  X  lies  on  the  Ri-side  of 
8.  Then  let  X  cross  9  from  the  Reside,  and  suppose  that  the  point  Z 
of  contact  between  two  boundaries  that  appears  during  the  crossing  lies 
on  the  boundary  curve  segments  CS1  (which  is  a  portion  of  ?(W))  and  CS2 
(which  is  a  portion  of  <(X)).   Two  cases  can  occur: 

(i)  The  labels  of  CS^  and  CS2  may  appear  as  two  components  of  the  same 
circular  list  in  Tj,  Say  as  t\  and  t^  respectively  in  the  list  L  = 
[ t 1 , . . . , tm] .  It  is  easily  checked  that  in  this  case  K  always  splits 
into  two  subcomponents,  and  to  represent  this  topological  fact 
combinatorially  we  split  L  into  two  (circular)  sublists  L^ 
[t-i ,  . . .  ,  t-jj  and  L,2  =  [  t^  , . .  •  ,  tm,  t]J  .  If  L  labeled  the  exterior 
boundary  of  K,  then  L^  and  L2  are  labelings  for  the  exterior  boundaries 
of  the  two  new  components.  On  the  other  hand,  if  L  labeled  an  interior 
portion  of  the  boundary  of  K,  then  one  of  the  new  lists,  say  L^  labels 
the  exterior  boundary  of  a  new  component,  whereas  the  exterior  boundary 
of  the  second  component  is  the  same  as  the  exterior  boundary  of  K 
itself.  (Note:  some  additional  geometric  analysis,  whose  details  we 
leave  to  the  reader,  will  be  needed  to  assign  the  remaining  interior 
boundary  portions  to  one  or  another  of  the  two  new  components.) 
Overall,  we  obtain  two  collections  of  circular  lists  T2,  T9',  defining 
two  nodes  [R2,T2]  and  [R2,T2']  belonging  to  CG,  and  we  connect   [Rj.Tj] 
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to  both  these  nodes.  As  usual,  we  also  connect  [Ri,T]  to  [R?,T]  for 
all  other  T  appearing  in  connectivity  graph  nodes  [R^,T], 

(ii)  The  labels  of  CS^  and  CS2  may  appear  as  components  of  two 
different  circular  lists  1^  and  L2  in  Tj.  In  this  case  it  is  easily 
seen  that  K  is  not  split  across  6 ,  and  that  only  its  labeling  changes 
due  to  the  merging  of  two  portions  of  its  boundary  into  one.  In  this 
case  we  simply  merge  the  two  lists  L^  l2  into  one  circular  list  L  by 
re-linking  CS^  in  L^  to  CS2  in  L2  and  vice  versa.  Replacing  the  two 
circular  lists  Lj  and  L2  in  T^  by  the  single  list  L  gives  us  a  new 
collection  T2  and  [R2,T2]  t  CG.  We  then  link  [R^T^  to  [R2,T2],  and 
also  connect  all  other  nodes  [R^,T]  t  CG  to  [R2,T]  t  CG. 

Type  II  Curves:  These  require  a  somewhat  different  treatment  than 
curves  of  type  I.  Recall  that  a  type  II  curve  is  a  circular  arc  9  of 
radius  r^+r2  centered  at  a  corner  point  Z  at  which  two  boundary  curves 
£(wl),  C(W2)  intersect.  Here  we  distinguish  between  the  two  following 
subcases : 

(a)  The  interior  angle  at  Z  (between  ^(U^)  and  c(W2))  is  less  than  1807 
but  greater  than  90°. 

The  type  I  critical  curves  <j.  y2  that  touch  3  partition  it  into 
three  segments  3^,  32,  33  (see  Fig.  2.2(a)).  If  we  cross  the  portion 
S3  of  3  at  some  point  X,  then  the  point  at  which  p(X)  intersects  y(W2) 
approaches  Z,  coincides  with  Z  on  63,  and  in  R3'  p(X)  intersects  y(W^) 
rather  than  y(W2).  In  this  case,  the  corresponding  component  of  P(X) 
simply  changes  its  labeling.  More  specifically,  let  [R3,T]  e  CG  be  the 
node  designating  K.  Then  one  of  the  lists  in  T  contains  three 
consecutive  labels  B1(w2  and  W1#  By  removing  W2  from  this  list  we 
obtain  a  new  T'  such  that  [R3',T']  e  CG  describes  K  on  the  R3'-side  of 
33.  We  thus  connect  [R3,T]  to  [R3',T']  and  also  connect  every  other 
[R3,T'']  e  CG  to  [R3',T'']  e  CG.  A  completely  symmetric  situation 
arises  as  we  cross  3^,  with  the  triple  W2,Wi,Bi  of  consecutive  list 
entries  on  the  R^-side  of  Bj  replaced  by  the  pair  W2,B^  on  the  R]/-side 
of  3i. 


-31- 


W//////////W/////////////// 


Fig.  2.2(a)   Crossing  a  type  II  critical  curve  (obtuse  case) 


However,  if  we  cross  the  curve  portion  $2,  the  situation  is  quite 
different:  As  the  center  X  of  Bj  crosses  62  from  R2  to  R2 '  a  small 
connected  component  K  of  P(X)  about  Z  shrinks  to  the  single  point  Z, 
and  then  disappears.  In  this  case  we  simply  do  not  connect  the  node 
[R2»T]  in  CG  to  any  of  the  nodes  of  R2'.  but  connect  every  other  node 
[R-2»T']  to  the  corresponding  node  [I^'.T']. 


(b)  The  interior  angle  at  Z  (between  y(Wj)  and  y(W£))  is  less  than  or 
equal  to  90  degrees.  This  case  is  really  a  special  case  of  case  (a) 
just  considered.  Here  only  the  curve  section  62  appears,  and  the 
appropriate  crossing  rule  already  seen  in  (a),  i.e.  that  which  applies 
when  a  small  component  about  Z  shrinks  to  the  point  Z  and  then 
disappears,  applies  in  this  case  too. 
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Fig.  2.2(b).  Crossing  a  type  II  critical  curve  (acute  case) 


Finally  we  need  to  consider  various  extreme  cases  ignored  in  the 
preceding  discussion.  Since  all  our  critical  curves  are  straight 
segments  and  circular  arcs,  they  can  have  non-isolated  intersection 
only  if  they  coincide.  Two  circles  can  only  coincide  if  they  have  the 
same  center  and  radius,  so  that  no  two  critical  circular  arcs  can 
coincide.  Hence  the  only  coincidence  of  critical  curves  than  can  arise 
is  that  of  two  type  I  straight  segments  overlapping  each  other. 
Plainly  this  can  happen  only  if  there  exist  two  parallel  walls  at 
distance  2(rj+2r2)  apart. 

The  crossing  rules  applicable  in  this  case  are  easily  derived  by 
imagining  such  a  pair  of  walls  to  be  shifted  by  some  randomly  chosen 
infinitesimal  amount.  This  splits  the  corresponding  coincident 
critical  line  into  two  lines  separated  by  an  infinitesimal  distance; 
and  then  any  crossing  of  the  original  line  amounts  to  crossing  both 
these  infinitely  close  split  lines.  An  infinitely  thin  strip  region 
will  then  appear  between  the  two  lines  split  in  this  way  from  a  single 
critical   line.   After  this  splitting,   all  coincidences  of  critical 


-33- 

curves  will  have  been  removed,  and  then  the  crossing  rules  stated  above 
will  apply.  Then  the  crossing  rule  applying  in  the  case  of  coincident 
critical  curves  derive  from  those  of  the  infinitely  displaced  case  by 
treating  connections  across  the  coincident  curves  as  successive 
connections  across  the  two  infinitely  separated  critical  curves 
introduced  by  this  'splitting'  procedure. 

Having  provided  all  these  geometrical  details  concerning  critical 
curves  and  their  associated  crossing  rules  we  now  summarize  the 
techniques  described  so  far  in  this  paper  in  a  crude  sketch  of  an 
algorithm  which  solves  the  motion-planning  problem  for  two  circular 
bodies . 

Algorithm  TWOCIRCLES: 

The  algorithm  consists  of  a  preprocessing  phase  followed  by  a 
path-planning  phase.  The  preprocessing  phase  consists  of  the  following 
steps : 

(a)  An  input  step  which  reads  in  the  radii  r1>r-2  and  the  structure  of 
the  walls.  This  structure  is  also  checked  for  consistency,  and  the 
region  V  is  identified. 

(b)  The  wall  edges  and  convex  corners  are  displaced  by  distances  r2 ,  ri 
and  r^+2r2  to  form  respectively  the  collections  of  boundary  arcs  of  A, 
the  boundary  arcs  of  A1  and  the  type  I  critical  curves.  All 
intersections  of  ^-displaced  walls  and  corners  are  computed,  and  the 
circular  type  II  curve  of  radius  rj+r2  about  each  of  these  points  is 
generated. 

(c)  All  intersection  points  of  pairs  of  curves,  each  of  which  is  either 
a  boundary  arc  of  Aj,  a  type  I  critical  curve  or  a  type  II  curve,  are 
computed.  For  each  curve  3  of  this  family  we  sort  the  points  of 
intersection  of  3  with  other  such  curves  by  the  order  in  which  they 
appear  along  3-  This  will  partition  3  into  open  subsegments ,  each  of 
which   is   not  intersected  by  any  other  critical  curve  or  boundary  arc. 
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Let  Z  denote  the  collection  of  these  segments.  Each  B '  e  Z  is  stored 
as  a  directed  curve  with  which  we  also  associate  two  virtual 
noncritical  regions  r(B')  and  2.(3 ')  designating  the  noncritical  region 
lying  immediately  to  the  right  (resp.  left)  side  of  the  directed  B ' . 
Then  for  each  intersection  point  that  has  been  computed  we  sort  the 
segments  of  Z  that  have  X  as  an  endpoint  by  the  counterclockwise  order 
in  which  they  emerge  from  or  enter  into  X. 

(d)  Next  we  construct  all  noncritical  regions.  This  is  done  by  tracing 
the  boundary  of  each  such  region  R  so  that  R  lies  on  the  right  side  of 
each  traced  arc.  To  achieve  this  we  pick  some  curve  segment  g  e  Z  and 
follow  it  in  some  direction  d  (which  is  either  'forward'  if  3  is 
followed  in  the  direction  associated  with  it,  or  'backward'  otherwise). 
For  each  3  e  Z  and  direction  d  we  let  REG(B.d)  denote  either  r(3)  if 
d='forward'  or  £(B)  if  d= 'backward' .  Let  X  be  the  endpoint  of  3  in  the 
direction  d,  and  let  B'  be  the  next  element  of  Z  appearing  in  the 
circular  list  of  curves  about  X.  We  then  continue  to  follow  B'  in  the 
direction  pointing  away  from  X.  We  repeat  this  procedure  until  B  is 
encountered  once  more,  thereby  enclosing  a  noncritical  region  R  which 
can  be  defined  as  an  equivalence  class  containing  all  sides  REG(B',d') 
for  curves  and  directions  [B',d']  encountered  in  the  above  tracing. 
This  tracing  procedure  is  repeated  as  long  as  there  remain  curves  B  e  Z 
and  directions  d  such  that  B  has  not  yet  been  traced  in  the  direction 
d.  After  all  noncritical  regions  have  been  constructed,  the  information 
gathered  enables  us  to  construct  all  pairs  of  noncritical  curves  that 
are  adjacent  to  one  another,  together  with  the  critical  curve 
separating  each  such  pair. 

(e)  Next  we  construct  the  connectivity  graph  CG.  This  can  be  done  in 
several  ways.  One  crude  technique  would  be  to  pick  an  arbitrary  point 
X  in  each  noncritical  region  R,  compute  o(X)  by  considering  the 
collection  of  all  ^-displaced  walls  and  corners  and  the  circle  p(X), 
and  applying  to  this  collection  the  same  tracing  procedure  used  above, 
thereby  partitioning  P(X)  into  its  connected  components  and  obtaining 
the  label  of  each  of  these  components.  This  yields  us  the  sets  cr(R), 
for   all  noncritical  regions  R,  from  which  we  can  generate  all  nodes  of 
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CG.  Also,  assuming  that  no  two  critical  curves  coincide,  we  can  use 
the  general  crossing  rules  established  earlier  to  find  all  edges  of  CG 
in  a  straightforward  way,  namely:  For  each  pair  of  adjacent  noncritical 
regions  R,  R'  we  connect  the  nodes  [R,S]  and  [R',S]  of  CG  for  each  S  ~, 
a(R)*a(R'),  and  connect  each  node  [R,S],  S  e  a(R)-o(R'),  to  each  node 
[R',S'],  S'  e  a(R')-o(R).  A  more  efficient  technique  is  to  calculate 
a(R)  in  the  manner  just  outlined  for  only  one  noncritical  region  R,  and 
then  proceed  to  other  noncritical  regions  by  successive  crossings  of 
critical  curve  segments.  Each  time  we  cross  from  a  region  Rj  to 
another  R2  across  a  common  boundary  segment  3,  we  can  calculate  a(R2) 
from  a(R^)  by  applying  the  crossing  rule  associated  with  p.  (If  Aj  is 
not   connected,  this  has  to  be  repeated  for  each  connected  component  of 

Ai.) 

This  step  ends  the  preprocessing  phase,  which   is   independent  of 

the   specific   positions  of  B^  and  B2.   The  next  phase  makes  use  of  the 

preprocessed  connectivity  graph  to  search  for  a  path  between  two 
specified  configurations  of  the  two  circles,  as  follows: 

(f)  Let  [X,Y],  [X',Y']  be  the  initial  and  final  configurations  of  the 
two  circles.  We  begin  by  finding  the  noncritical  regions  R,  R' 
containing  the  points  X,  X'  respectively.  This  is  an  instance  of  the 
planar  point-location  problem  for  regions  bounded  by  straight  lines  and 
circular  arcs,  for  which  efficient  procedures  are  known  (cf.  [Pr]). 
For  our  purpose  it  even  suffices  to  locate  the  regions  R,  R'  by  the 
following  simpler  technique:  Pass  a  ray  from  X,  find  all  its 
intersections  with  critical  curves,  and  take  the  intersection  nearest 
to  X.  This  gives  us  a  critical  curve  section  3  bounding  R,  and  also 
determines  the  side  of  3  on  which  R  lies;  this  information  defines  R 
uniquely.  R'  can  be  found  in  similar  fashion.  Next  we  find  the  label 
S  (resp.  S')  of  the  connected  component  of  P(X)  (resp.  P(X')) 
containing  Y  (resp.  Y').  (Again,  this  is  done  by  applying  an 
appropriate  point-location  procedure,  or  even  by  using  a  'brute  force' 
technique  similar  to  that  noted  above  for  locating  the  regions  R,  R'.) 

(g)  Next  we  search  for  a  path  tt  in  CG  between  [R,S]  and  [R',S'].   If  no 
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such  path  exists  the  required  continuous  motion  between  [X,Y]  and 
[X',Y']  also  cannot  exist;  the  algorithm  reports  this  and  halts. 

(h)  If  such  a  path  tt  exists  we  use  it  to  construct  the  required 
continuous  motion  between  the  specified  configurations  as  in  the  proofs 
of  Lemma  1.5  and  Theorem  1.1.  Specifically,  the  required  motion 
consists  of  a  sequence  of  submotions,  each  of  which  has  one  of  the 
following  forms: 

(i)   B2   is  held  fixed  while  B^  moves  along  a  straight  line  for  a  short 

distance  so  that  its  center  crosses  a  boundary  between  two   noncritical 

regions . 

(ii)  Bj  is  held  fixed  while  B2  moves  to  some  corner  of  A. 

(iii)   B2   is  held  fixed  while "B^  moves  so  that  its  center  moves  within 

some  noncritical  region  R  from  a  point  near  one  of   its   boundary  arcs 

(or,   initially,  from  X)  to  a  point  near  another  such  arc  (or,  finally, 

to  X'). 

If  carefully  implemented,  the  complexity  of  the  algorithm  just 
sketched  is  0(n->).  This  follows  from  the  fact  that  the  total  number  of 
displaced  walls  and  corners  and  of  critical  curves  is  0(n).  Since  all 
of  these  curves  are  straight  or  circular  arcs,  it  follows  that  they  can 
intersect  in  at  most  O(n^)  points;  consequently  there  are  at  most  O(n^) 
possible  noncritical  regions,  and  for  each  of  these  regions  R  the  set 
a  (R)  can  contain  at  most  n  labels.  The  size  of  CG  is  therefore  0(n-*), 
and  careful  implementation  of  the  steps  outlined  above  allows  one  to 
construct  and  search  through  this  graph  in  total  time  0(n-i). 


An  Example : 

We  conclude  our  description  of  the  two-circle  movers'  problem  by 
an  example  which  involves  two  circles  moving  through  the  inside  V  of  a 
regular  pentagon.  The  sizes  of  the  circles  are  chosen  so  that  when  B^ 
is   placed  nearly  touching  the  midpoint  of  one  edge  AB  of  the  pentagon, 

B2  can  barely  fit  in  the  space  between  B^  and  the  two  edges  CD  and   DE 
of   the   pentagon  (see  Fig.   2.3(a)).   The  instance  of  the  problem  that 
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Fig.  2.3(a).  An  Example  of  the  2-circle  Movers'  Problem:  Initial  Positions, 

we  wish  to  solve  is  to  move  the  circles  from  the   positions   shown   in 
Fig.   2.3(a)  to  those  shown  in  Fig.   2.3(b). 


As  is  demonstrated  by  our  algorithm,  this  task  can  be  accomplished 
by  \he  following  sequence  of  motions:  (i)  Move  Bj  from  its  initial 
position  parallel  to  AB  until  it  almost  touches  both  AB  and  BC;  (ii) 
Move  B2  parallel  to  DE  until  it  almost  touches  both  DE  and  AE;  (iii) 
Move  Bj  parallel  to  BC  until  it  almost  touches  both  BC  and  CD;  (iv) 
Move  B2  parallel  to  AE  until  it  almost  touches  both  AE  and  AB;  (v)  Move 
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Fig.  2.3(b).  Final  Positions  of  the  Circles  in  the  Example. 

Bj  parallel  to  CD  until  it  reaches  its  target  position;  (vi)  Move  B2 
parallel  to  AB  until  it  reaches  its  target  position.  Furthermore, 
again  as  shown  by  our  algorithm,  there  is  no  shorter  sequence  of 
motions  of  B^  and  B2  which  accomplishes  the  required  motion. 


Remark:  This  example  can  be  easily  generalized  to  yield  examples  in 
which  two  circles  move  inside  a  regular  (2k+l)-gon.  To  rotate  them 
around  the  polygon  (never  moving  two  circles  simultaneously)  will 
require  a  sequence  of  0(k)  alternating  motions  of  each  of  the  circles. 


-39- 


W, 


.w 


"\ 


w. 


'V7777777  ^^7777777,  b 


Fig.  2.4.  The  critical  curves  and  noncritical  regions  of  our  example. 


To  apply  our  technique  to  this  instance  of  the  two-circle  problem, 
we  first  displace  each  side  of  the  pentagon  into  V  by  the  amount  r2, 
thereby  obtaining  the  boundary  arcs  of  the  region  A  of  I^-admissible 
positions,  shown  as  dashed  lines  in  Fig.  2.4.  Let  us  denote  the 
^-displacement  of  the  side  Wj  of  the  pentagon  by  Tj,  j=l,..,5.  Next 
we  displace  the  sides  of  our  pentagon  into  V  by  the  amount  rj ,  to 
obtain  the  boundary  of  the  region  Aj  of  B^-admissible  positions. 
Within  this  region  we  draw  the  type  1  critical  curves,  i.e.   the  sides 
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of  the  pentagon  displaced  by  the  amount  ri+2r9  into  V,  and  the  type  II 
critical  curves,  i.e.  the  circular  arcs  of  radius  ri+r2  about  the 
corners  of  A.  These  critical  curves  partition  Aj  into  16  noncritical 
regions.  The  table  below  lists  the  characteristics  of  each  of  these 
noncritical  regions. 


noncritical 
region 


characteristic 


corresponding  node(s) 
in  connectivity  graph 


40 
Lll 
L12 
L13 
lU 
L15 
L16 


PY4Y3Y2H 

P/4,'3],    [p.'3Y2]} 

P/4Y3]} 

3Y5Y4],    [PY4Y3]} 

PY5Y4Y3]} 

PY3Y2]} 

PY5Y4]} 

PY3Y2Y1]} 

PY3Y2l»     [PY2Y1]} 

PY2YJ} 

PY2Yll»     [PY1Y5]} 

PY2Y17  5H 
PY1Y5]} 

PY1Y5],     [PY5Y4]} 
PY  1Y  5Y  4 1 ) 


nl 
nf,n§ 

n3 
ng,n£ 

n5 
n6 

n8 
n9 

n!o.n^o 

nll 

nf2,n1,2 

n13 

n14 
n16 


Note  that  the  center  region  Ry  consists  of  positions  of  Bj  for  which  no 
free  position  of  B2  exists.  The  crossing  rules  in  this  example  are 
derived  using  the  principles  outlined  above,  and  are  depicted  in  the 
connectivity  graph  CG  shown  in  Fig.  2.5.  It  is  also  easy  to  check 
that  the  initial  (resp.  final)  configuration  of  the  two  circles  (shown 
in  Fig.  2.3)  belongs  to  the  cell  of  FP  represented  by  the  node  n3 
(resp.  nl3)  of  CG.  Since  CG  is  connected,  there  exists  a  continuous 
motion  of  the  two  circles  between  the  initial  and  the  final 
configurations.  In  fact,  CG  contains  just  two  paths  between  n3  and 
n13,  corresponding   to  motions   of   the   circles   in  which   the   line 
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Fig.  2.5.  The  Connectivity  Graph  of  our  Example , 


connecting  their  centers  rotates  in  a  clockwise  or  counterclockwise 
direction.  The  actual  motion  of  the  two  circles  can  be  reconstructed 
from  these  paths  in  the  manner  described  in  Theorem  1.1.  One  of  these 
motions  is  easily  seen  to  coincide  with  the  motion  described  above,  and 
the  other  is  simply  a  'mirror  image'  of  this  motion. 
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3.  Coordinating  the  motion  of  3  independent  circular  bodies 

Having  now  treated  the  case  of  2  independent  circles,  we  go  on  to 
study  motion-planning  algorithms  for  3  independent  circles.  The 
approach  adopted  will  illustrate  a  more  general  recursive  technique  for 
successive  elimination  of  degrees  of  freedom,  which  can  be  applied  to 
other  motion  planning  problems. 

Denote  the  three  circular  bodies  with  whose  motion  we  are 
concerned  as  B^  B2,  B3,  and  suppose  that  their  respective  radii  are 
^l>T2>r^'  These  bodies  are  constrained  to  move  in  a  2-dimensional 
region  V  bounded  by  polygonal  walls  and  obstacles,  as  described  in   the 

preceding  sections,  and  must  avoid  collision  with  the  walls  and  with 
each  other.  For  i=l,2,3,  let  Aj  denote  the  open  subset  of  V  consisting 
of  all  admissible  positions  for  the  center  C^  0f  B^  (that  is,  all 
positions  X  whose  distance  from  any  of  the  walls  is  greater  than  r^ ) , 
We  will  refer  to  positions  in  Aj[  as  B-j-admissible  positions.  We  make 
simplifying  assumptions  concerning  V  that  are  similar  to  those  made  for 
the  two-circle  case,  namely  we  assume  that  the  boundary  of  each  set  A^ 
(which  consists  of  walls  and  corners  displaced  into  V  by  distance  r^) 
consists  of  a  collection  of  disjoint  simple  closed  curves. 

A  triple  [X1,X2,X3]  of  points  Xj  e  A j ,  j=l,..,3,  is  called  a  free 
configuration  if  when  each  circle  Bi  is  placed  with  its  center  C^  at 
X^ ,  no  circle  touches  any  wall  or  any  other  circle.  Similarly,  a 
semi-free  configuration  [Xl9x2, X3]  is  a  configuration  at  which  zero  or 
more  contacts  (but  no  penetrations)  between  circles  and  walls  or 
between  two  circles  occur.  As  before,  FP  denote  the  space  of  all  free 
configurations  and  SFP  the  space  of  all  semi-free  configurations. 
Plainly  FP  is  an  open  6-dimensional  manifold,  whereas  SFP  is  a 
6-dimensional  manifold  with  boundary.  As  usual,  our  aim  is  to 
partition  FP  into  its  connected  components. 

As  in  the  two-circle  case,  we  attack  this  problem  by  projecting  FP 
into  a  subspace  of  fewer  dimensions.  Specifically,  let  P(Xj)  denote 
the  4-dimensional  subspace  consisting  of   all   free   positions   of   the 
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centers  of  B2  and  B3,  when  B^  is  fixed  with  its  center  at  Xj.  Then 
each  such  projected  set  PCXj)  needs  to  be  partitioned  into  its 
connected  components,  and  the  dependence  of  these  components  on  Xi  must 
be  studied.  We  can  use  the  preceding  results  concerning  the 
coordinated  motion  of  two  circles  to  obtain  the  desired  partitioning  of 
P(Xj),  For  this,  note  that  each  position  of  B^  with  its  center  C}  at 
X^  can  be  viewed  as  defining  an  additional  barrier  for  the 
collision-free  motion  of  B2  and  B3.  Although  this  new  barrier  is  not 
polygonal,  our  analysis  of  the  motion  of  two  circles  applies  even  when 
some  of  the  barriers  are  displaced  polygonal,  rather  than  simple 
polygonal,  curves.  Since  Bj  can  be  viewed  as  the  single  point  Xj 
displaced  by  distance  r1 t  this  remark  applies  to  the  case  at  hand. 
Hence,  for  each  fixed  value  of  X1 ,  decomposition  of  P(Xj)  into 
connected  components  can  proceed  as  follows. 

(i)  Displace  all  walls  (including  B:)  by  distance  r3.  The  subset  of  V 
lying  outside  these  displaced  walls  is  the  set  A3'(Xj)  consisting  of 
all  B^-admissible  positions  in  the  presence  of  Bj  with  its  center  at 
xl- 

(ii)  Displace  all  walls  (including  Bj)  by  distance  xi,  to  obtain  a  set 
^2'(^i)  having  analogous  meaning. 

(iii)  Draw  all  B2-critical  curves.  These  are  either  walls  (or  the 
circular  periphery  of  Bj)  displaced  by  distance  r2+2r3 ,  or  are  corners 
of  A3'(Xj)  displaced  by  distance  r2+r3.  These  curves  partition  A2'(Xj) 
into  connected  open  noncritical  regions.  Suppose  that  B2  is 
constrained  to  move  with  its  center  C2  remaining  inside  such  a  region 
R.  Then  the  space  Q(X1,X2)  of  all  free  positions  in  A3'(X)  of  the 
center  of  B3  decomposes  into  connected  components  K  whose  labelings 
X(K)  (as  defined  in  Definition  1.2)  remain  invariant  throughout  R. 
Furthermore,  the  component  of  Q(X1,X2)  having  a  given  labeling  (which, 
by  Lemma  1.3,  characterizes  this  component  uniquely)  varies 
continuously  with  X2  e  R. 

(iv)  Next,  we  construct  the  connectivity  graph  CG(X^);  its  nodes  are  of 
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the  form  [R,X(K)J,  where  R  is  a  B2_noncriticai  region  and  where  A(K)  is 
a  labeling  of  some  connected  component  of  Q(X^5X2)  for  any  (hence 
every)  X2  e  R.  An  edge  connects  [R,A]  to  [R',A ']  iff  R  and  R'  are 
adjacent  regions  having  a  portion  $'  of  some  B2-Critical  curve  as  part 
of  their  common  boundary  and  if  X2  can  cross  3'  from  R  to  R'  in  a  way 
allowing  a  B^-position  X3  to  move  continuously  along  with  X2  from  a 
free  position  in  some  component  K'  of  Q(X^,X2)  for  which  X(K)  =  A,  X2  e 
R,  to  a  free  position  in  some  component  K'  of  Q(X^,X2)  with  X2  s  R' , 
X(K')  =  A'.  As  shown  earlier,  with  each  critical  curve  segment  g '  of 
this  sort  there  is  associated  a  fixed  crossing  rule  which  is 
independent  of  the  particular  point  on  3 '  at  which  B2  crosses  from  R  to 
R'. 

It  follows  from  the  preceding  results  that  the  number  of  connected 
components  of  the  open  manifold  P(X^)  is  the  same  as  the  number  of 
connected  components  of  the  graph  CG(X^).  Moreover,  each  component  C 
of  CG(X^)  defines  the  following  connected  component  u(Xi,C)  of  P(X^): 

y(XljC)  =  {[X2,X3]  :  [R,A]  c  C,  X2  e  R,  X3  e  *Xl(X2,A)  }~  *  P(XX) 

where  llJx1(X2,A)  denotes  the  connected  component  of  Q(Xi,X2)  whose  label 
is  T.  That  is,  the  connected  components  of  the  finite  graph  CG(X^)  can 
serve  as  discrete  labels  for  the  connected  components  of  P(Xj). 

Of  course,  the  noncritical  regions  R  appearing  in  the  preceding 
discussion  depend  on  the  position  Xj  0f  the  center  of  B^,  and  hence 
they  cannot  be  used  directly  to  achieve  a  discrete  labeling  of  the 
components  of  P(Xj).  However,  since  (by  arguments  analogous  to  Lemma 
1.3)  each  such  R  is  labeled  uniquely  by  the  circular  sequence  of 
displaced  wall  and  critical  curve  sections  constituting  its  boundary, 
and  since  (as  will  be  shown  below)  only  finitely  many  such  sequences 
are  possible,  the  regions  R  can  themselves  be  given  discrete  labels. 
In  what  follows,  we  will  label  each  B2-noncritical  region  in  this 
manner.  Accordingly,  given  a  position  Xj  for  the  center  of  B^,  we  can 
let  t(X1sl)  denote  the  B2~noncritical  region  R  labeled  by  L  in  the 
above  sense. 
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The  next  step  is  to  study  the  way  in  which  P(Xj)  and  CGCXj)  depend 
on  Xj,  Adapting  the  strategy  used  in  what  has  gone  before,  we  proceed 
to  define  a  collection  of  B^-critical  curves  which  collectively 
constitute  the  locus  of  all  points  X1  such  that  if  B^  is  placed  with 
its  center  at  Xj,  then  some  discontinuity  in  the  structure  of  CG(Xi) 
can  occur  even  if  Bj  is  moved  only  slightly.  Such  a  discontinuity  can 
only  result  if  one  of  the  following  combinatorial  events  occurs. 

(i)  The  collection  of  labeled  B2~noncritical  regions  changes;  that  is, 
either  one  B2~noncritical  region  splits  into  several  subregions  (or 
vice  versa);  or  one  such  region  shrinks  to  a  point  and  then  disappears, 
or  the  labeling  of  some  non-critical  region  R  changes.  The  latter 
situation  can  arise  either  when  a  boundary  edge  of  R  splits  into 
subsegments ,  or  when  such  an  edge  shrinks  to  a  point  and  then 
disappears . 

(ii)  The  set   of   labels   belonging   to   the   collection  of   connected 

components  of  Q(XlfX2)  associated  with  each  of  the  points  X2  belonging 
to  some  noncritical  region  R  changes;  that  is,  either  one  or  more  of 
the  components  of  this  set  splits  into  subcomponents  (or  vice  versa), 
or  one  component  shrinks  to  a  point  and  then  disappears,  or  the 
labeling  of  one  such  component  changes,  again  either  because  a  boundary 

edge  of  Q(XlsX2)  splits  into  subedges ,  or  because  an  edge  of  Q(X]^,X2) 
shrinks  to  a  point  and  then  disappears. 

(iii)  The  structure  of  the  B2-noncritical  regions  and  of  the 
B3~connected  components  associated  with  them  remains  unchanged,  but  the 
graph  CG(Xi)  changes  due  to  the  appearance  or  disappearance  of  one  or 
more  edges  in  it. 

If  none  of  the  combinatorial  changes  (i),  (ii),  (iii)  listed  above 
occur,  then  each  B2~noncritical  region  having  a  given  labeling  varies 
continuously  with  Xj,  and  for  X2  moving  continuously  within  one  of 
those  noncritical  regions,  the  connected  component  of  Q(X^}X2)  having  a 
given  labeling  varies  continuously  with  Xj  and  X2.  Indeed,  suppose 
that  the  first  assertion  is  false;  then  one  could  obtain  a  sequence  Xjn 
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*  Xj ,  where  Xj  is  a  point  at  which  none  of  the  above  combinatorial 
changes  occurs,  such  that  for  some  labeling  L,  the  regions  "r(Xln>L) 
converge  to  some  set  R*  which  is  different  from  t(X^,L).  However,  the 
boundary  of  T(xln»L)  converges  to  a  closed  curve  which  is  a 
concatenation  of  B2-critical  curves  and  bounding  displaced  walls  and 
which  encloses  a  region  of  B2-n0ncritical  points,  whose  label  must  be 
L.  Thus  both  R  and  t(X^,L)  are  labeled  L,  which  contradicts  the  fact 
that  a  given  label  attaches  to  just  one  noncritical  region.  The  second 
assertion  follows  by  similar  arguments. 

Note  that  a  discontinuous  event  of  one  of  these  three  types  can 
only  occur  in  consequence  of  the  motion  of  some  geometric  element  which 
appears  in  the  analysis  of  the  decomposition  of  P(X^)  into  its 
components  and  which  moves  with  Xj.  it  is  easy  to  enumerate  all  such 
elements,  which  are  (a)  the  circle  P 1 2 ( X ^ )  of  radius  rj+r2  and  the 
circle  Pl3(X^)  of  radius  r^+r3  about  Xj.  These  act  as  moving 
'displaced  walls' ,  which  limit  the  motion  of  the  centers  of  B2  and  B3 
respectively.  ( b)  the  circle  Pi23(Xj)  of  radius  ^+^+2^  about  Xj. 
This  appears  as  a  moving  type  I  critical  curve  (for  the  center  of  B2) 
in  the  analysis  of  PCX^  into  its  components.  It  is  the  'wall'  Bj 
displaced  by  the  amount  ^+2^.  (c)  all  loci  of  points  p  obtained  by 
taking  the  intersection  of  the  circle  of  radius  rj+r^  about  Xi  with  a 
fixed  wall  or  corner  displaced  by  the  amount  r^ ,  and  then  by  displacing 
such  an  intersection  point  by  the  amount  r2+r3  in  any  direction.  These 
are  the  moving  type  II  critical  curves  (for  the  center  of  B2)  generated 
by  the  intersection  of  the  displaced  wall  B^  with  a  displaced  fixed 
wall  (cf.   Fig.   3.1  for  a  display  of  all  these  moving  curves). 

We  call  all  of  these  moving  curves  curves  (either  boundaries  or 
critical  curves)  induced  by  Bj. 

Suppose  that  the  center  of  B^  moves  slightly  in  a  neighborhood  N 
of  some  point  Xj.  Then  the  curves  induced  by  Bj  and  listed  above  move 
with  it,  and  the  points  of  their  intersection  with  the  other  fixed 
displaced  walls  and  critical  curves  change.  As  long  as  these  changes 
are   slight   and   quantitative,   the   combinatorial   structure   of   the 
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TYPE   E  CURVE 


Fig.  3.1.  Critical  Curves  and  Displaced  Walls  Induced  by  Bj . 

components  of  P(X^)  wiH  remain  constant  in  N,  and  consequently  Xj  will 
be  a  noncritical  point.  Thus,  for  Xj  to  be  critical  the  pattern  of 
such  intersections  has  to  change  qualitatively,  and  plainly  this  can 
happen  only  when  either  one  of  elements  moving  with  X^  becomes  tangent 
to  a  displaced  wall  or  critical  curve,  or  when  three  such  elements,  at 
least  one  of  which  moves  with  Xj ,  meet  at  a  point. 


To  assess  the  implications  of  this  remark,  we  will  begin  by 
considering  cases  in  which  P^CXj)  becomes  tangent  to  some  displaced 
wall  or  critical  curve,  or  passes  through  the  intersection  of  two  other 
displaced  walls  or  critical  curves.  Since  Pi3(Xj)  does  not  count  as  a 
^-critical   curve   (see   the  definition  of   these  curves  for  the 


two-circle  problem,  immediately  preceding  Lemma  1.5),  this  can  never 
correspond  to  a  discontinuity  of  the  first  type  (i)  listed  above. 
Moreover,  the  only  tangencies  or  triple  intersections  involving  Pi3(Xi) 
that  can  cause  a  discontinuity  of  type  (ii)  are  those  in  which  Pi3(Xi) 
is  tangent  to  a  curve  or  passes  through  a  corner  which  can  form  part  of 
the  boundary  of  a  component  of  Q(X1,x2),  uniformly  for  all  X2  in  some 
small  open  set,  which  is  to  say,  tangent  to  an  ^-displaced  wall  or 
corner,  or  passes  through  the  intersection  of  two  ro-displaced  walls  or 
corners.  The  locus  of  points  Xj  at  which  this  happens  consists  of  the 
following  curves: 

(1)  walls  and  corners  of  V  displaced  by  rj+2ro; 

(2)  circles  of  radius  ri+r3  about  intersection  points  of  ^-displaced 
walls  or  corners. 

These  are  our  first  two  types  of  critical  curves. 

Next  we  consider  extreme  configurations  of  type  (iii);  but  we  will 
show  that  they  do  not  exist.  For  this,  suppose  that  X^  is  a  point  at 
which  no  critical  configuration  of  type  (i)  or  (ii)  occurs.  Then 
p 13(^l)  does  not  pass  through  the  intersection  Eg  of  any  two 
^-displaced  walls  or  corners  (if  it  did,  some  Q(Xj',X2)  would  change 
at  Xj '  =  Xj,  for  every  X2  not  within  distance  r2+r3  of  Eq),  and  is  not 
tangent  to  any  ^-displaced  wall  or  corner  (for  similar  reasons). 
Hence  there  exists  a  neighborhood  U  of  Xj  such  that  for  X} '  e  U, 
P  j_3 (Xj_ ' )  is  not  tangent  to  any  ^-displaced  wall  or  corner  and  does  not 
pass  through  the  intersection  of  any  two  such  walls.  We  can  also  take 
U  small  enough  so  that  no  type  (i)  or  (ii)  critical  configuration 
occurs  in  U.  Suppose  that  an  edge  connecting  some  cell  [La,Ta]  to 
[L  ,Tb]  in  CG(Xj')  exists  for  some  X^ '  e  U  but  disappears  as  we  pass 
through  Xj.  By  the  Corollary  to  Lemma  1.9,  there  exists  a  corner 
E(Xj ' )  at  which  two  ^-displaced  walls  (one  of  which  may  be  the  circle 
p13(Xi')  meet  and  bound  an  angle  a  such  that  for  X2  e  La  (resp.  X2  e 
L"),  the  points  of  a  lying  near  enough  to  its  apex  belong  to  a  region 
whose   exterior   boundary  has  the  label  Ta  (resp.   Tb).   Let  Xj ' '  move 
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continuously  from  Xj '  to  Xj  along  a  curve  in  U.  Then  the  B2-noncritical 
regions  labeled  La,L°,  and  their  bounding  curves,  will  vary 
continuously,  neither  dividing  into  separate  subparts,  nor  shrinking  to 
points.  Take  points  Xoa ,  Xo*3  lying  in  La ,  L"  respectively  and  varying 
continuously  as  those  regions  and  their  boundaries  vary  with  Xi  " . 
Then  there  is  a  uniquely  defined  continuously  varying  point  of 
intersection  E(X^'')  of  the  two  ^-displaced  walls  which  initially 
intersect  at  E^')  (one  of  these  may  be  p^Xj")).  None  of  the 
continuously  varying  circles  p23(Xoa)  or  P?3(Xo  )  pass  through  this 
point,  since  if  either  did  X2a  or  X2^  would  by  definition  lie  on  a  type 
II  B2~critical  curve,  rather  than  in  the  noncritical  region  La  or  L  . 
Moreover,  since  no  type  (ii)  critical  configuration  occurs  in  U,  the 
boundaries  of  the  components  of  QCX^'^Xo3)  and  Q(X2''>X2^))  retain 
fixed  labelings  as  Xj" ,  Xoa >  ^2^  varY  continuously,  and  the  boundary 
curves  of  these  components  vary  continuously.  It  follows  that  the 
angle  a  =  a(Xj'')  formed  by  the  two  ^-displaced  walls  intersecting  at 
the  continuously  varying  point  ECX^')  also  varies  continuously,  and 
that  all  points  in  this  angle  and  sufficiently  near  its  apex  remain  in 
a  component  of  Q(X]/',X2a)  (resp.  of  Q(X1,',X2^>))  whose  boundary 
labeling  remains  fixed  as  X^ ' '  and  X2&  (resp.  X2^)  vary  continuously. 
This  implies  that  for  Xj/'-Xi  the  points  in  the  angle  a{X\) 
sufficiently  near  its  apex  belong  to  a  component  of  Q(X^)X2a)  (resp. 
Q(X1>x2b))  with  labeling  Ta  (resp.  Tb).  Used  in  its  converse 
direction,  the  corollary  to  Lemma  1.9  now  shows  that  an  edge  of  CG(Xj) 
does  connect  [La,Ta]  to  [l'd,t'3],  contrary  to  assumption.  This  proves 
that  configurations  of  type  (iii)  are  impossible  at  points  X-^  for  which 
configurations  of  type  (i)  and  (ii)  do  not  occur. 

Finally,  we  consider  the  more  complex  case  of  configurations  of 
type  (i).  Here  we  need  to  consider  all  possible  tangencies  and  triple 
intersections  involving  B^-induced  curves  which  can  influence  the 
structure  or  the  labeling  of  B2-noncritical  regions.  It  is  helpful  to 
list  all  such  interactions  in  a  systematic  table  first,  and  then  to 
give  a  more  detailed  description  of  the  B^-critical  curves 
corresponding  to  each  table  entry.  (Note  however  that  some  of  the 
interactions   appearing   in   the   table   shown  can  never  actually  arise 
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because  the  geometric  constraints  that  they  impose  are 
self-contradictory;  these  cases  will  be  disposed  below). 

Table  3.1  below  is  organized  as  follows:  Each  row  has  at  most  five 
entries:  a  serial  number  for  convenient  reference,  two  or  three  entries 
designating  the  nature  of  the  curves  involved  in  the  critical 
configuration  (two  entries  designate  a  tangency,  whereas  three  entries 
designate  a  triple  intersection),  and  a  number  referencing  a  paragraph 
in  the  detailed  list  of  critical  curves  following  this  table,  in  which 
every  type  of  curve  is  discussed.  Each  curve  involved  in  a  tangency  or 
intersection  is  represented  in  the  table  by  a  mnemonic  symbol  which  can 
be  either  'bd',  designating  a  boundary,  i.e.  a  displaced  wall  limiting 
the  motion  of  B2,  or  'I',  designating  a  type  I  critical  curve  for  B2, 
or  'II',  designating  a  type  II  critical  curve  for  B2.  This  mnemonic 
symbol  always  appears  either  by  itself,  designating  a  curve  which  does 
not  depend  on  B^  or  is  followed  by  '(Bl)',  designating  a  Bj-induced 
curve. 
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Serial  No. 

1st  Curve   2nd 

Curve   3rd  Curve 
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Concerning  this  table,  note  the  following: 

(i)  Since  curves  of  type  bd(Bl)  and  type  I(B1)  always  remain  at  the 
same  distance  from  each  other,  no  interactions  between  these  curves  are 
possible. 

(ii)  Case  (10)  is  impossible,  since  it  would  require  a  circle  of  radius 
^2+r3  about  a  point  on  a  circle  of  radius  rj+r3  about  X^  to  be  tangent 
to  a  circle  of  radius  r^+r2  about  Xj . 

(iii)  Case  (11)  describes  an  interaction  which  always  takes  place, 
namely  that  in  which  a  circle  of  radius  r2+r3  about  a  point  on  a  circle 
of  radius  r^+j^  about  Xj  is  tangent  to  a  circle  of  radius  ri+r2+2r3« 
Hence  this  condition  does  not  generate  any  Bj-Critical  curve. 

(iv)  Case  (12)  is  impossible  because  two  Bj_in<iuced  type  II  B2~critical 
curves  cannot  be  tangent  to  each  other  at  a  free  or  semi-free  position, 
because  these  curves  are  circular  arcs  of  the  same  radius  whose  centers 
lie  on  the  circle  (-^(XjJ,  so  that  they  can  be  tangent  to  each  other 
only  at  a  point  interior  to  that  circle,  which  is  not  a  free  position 
for  either  center  of  B2  or  B3. 

(v)  Case  (41)  is  impossible  since  it  would  require  some  point  to  be  at 

distance   r2+r3   from  two  distinct  points  on  the  circle  of  radius  r^4-r3 

about  Xj}  and  also  to  be  at  distance  r^+r2+2r3  from  X^ ,  which  is 
plainly  impossible. 

(vi)  Case  (42)  is  impossible  since  it  would  require  some  point  to  be  at 
the  same  distance  ^2+r3  from  three  distinct  points  on  the  circle  of 
radius  1^+^  about  Xj,  contradicting  the  fact  that  two  circles  can 
intersect  in  at  most  two  points. 

Now  that  we  have  listed  all  possible  critical  interactions,  we  go 
on  to  describe  them  in  more  detail.  For  this,  note  that  (-]^2(xl)  an<3 
p 123(Xi)  are  respectively  the  only  displaced  wall  and  the  only  type  I 
critical  curve  generated  by  Bj  and  affecting  the  motion  of  B2.   A  first 
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group  of  B^_critical  curves  at  which  extreme  configurations  of  type  (i) 
arise  is  obtained  by  considering  situations  in  which  either  P i2(xl )  or 
p123(xl)  is  tangent  to  another  B2~boundary  or  critical  curve,  or  when 
p12(xl)  or  Pl23^xl)  passes  through  an  intersection  of  two  B2~boundary 
or  critical  curves.   The  resulting  Bj-critical  curves  are: 

(3)  (resp.  (4))  P12U1)  (resp.  Pi23(xl))  is  tangent  to  a  B2-boundary 
curve:  The  X^ioci  at  which  this  happens  are  the  walls  and  corners  of  V 
displaced  by  rj+2r2«   (resp.   ri+2r2+2r3). 

(5)  Pi23(xi)  is  tangent  to  a  type  I  B2~critical  curve:  The  Xi-loci  at 
which   this   happens   are   the   walls   and   corners   of   V  displaced  by 

rj+2r2+4r3. 

(6)  (resp.  (7))  P !2<xl)  (resp.  P 123^xl ^  is  tangent  to  a  type  II 
B2~critical  curve:  The  X^-loci  at  which  this  happens  are  the  circles  at 
radius  r^+2r2+r3  (resp.  r^+2r2+3r3)  about  intersection  points  of 
J^-displaced  walls  and  corners. 

(8)  (resp.  (9))  Pi2(X]^)  (resp.  Pl23(xl))  passes  thru  an  intersection 
point  of  two  B2~boundary  curves:  The  X^-loci  at  which  this  happens  are 
the  circles  at  radius  r^+r2  (resp.  rj+r2+2r3)  about  the  intersections 
of  two  ^-displaced  walls  or  corners. 

(10)  (resp.  (11))  Pl2(X]0  (resp.  Pl23^xl))  passes  thru  an 
intersection  point  of  a  B2~boundary  curve  with  a  type  I  B2_critical 
curve:  The  Xj-ioci  at  which  this  happens  are  the  circles  at  radius 
rl+r2  (resp.  ri+r2+2r3)  about  the  intersections  of  an  ^-displaced 
wall  or  corner  with  an  ( r2+2r3)-displaced  wall  or  corner. 

(12)  (resp.  (13))  P^U^  (resp.  Pl23^xl))  passes  thru  an 
intersection  point  of  a  B2~boundary  curve  with  a  type  II  B2_critical 
curve:  The  Xj-loci  at  which  this  happens  are  the  circles  at  radius 
rl+r2  (resp.  vi+T2+2t2)  about  the  intersections  of  an  ^-displaced 
wall  or  corner  W  with  the  circle  at  radius  ^2+r3  about  an  intersection 
of  two  ^-displaced  walls  and  corners  W  ,W"  (cf.  Fig.  3.2). 
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Fig.  3.2  A  Type  (12)  Critical  Curve  g ,  and  Corresponding  Critical 
Positions  of  the  Three  Circles. 


(1A)  (resp.  (15))  P12U1)  (resp.  P123(Xl>)  passes  thru  an 
intersection  point  of  two  type  I  B2-critical  curves:  The  Xj-loci  at 
which  this  happens  are  the  circles  at  radius  r^+ro  (resp.  ri+r2+2r3) 
about  the  intersections  of  two  ( r2+2r3)-displaced  walls  or  corners. 


(16)  (resp.  (17))  Pi2(Xj)  (resp.  Pl23^xl))  passes  thru  an 
intersection  point  of  a  type  1  B2-critical  curve  and  a  type  II 
B2-critical  curve:  The  Xj-loci  at  which  this  happens  are  the  circles  at 
radius  rl+r2  (resp.  rj+r2+2r3)  about  the  intersections  of  a 
(r2+2r3 )-displaced  wall  or  corner  with  the  circle  at  radius   (r2+r3) 


-55- 

about  an  intersection  of  two  ^-displaced  walls  or  corners.  (These 
cases  are  very  similar  to  cases  (12), (13)  above.) 

(18)  (resp.  (19))  P^Uj)  (resp.  Pl23(xl)>  passes  thru  an 
intersection  point  of  two  type  II  B2-critical  curves:  The  Xj-loci  at 
which  this  happens  are  the  circles  at  radius  ri+ro  (resp.  ri+ro+2ro) 
about  the  intersection  points  of  two  circles  at  radius  r2+ro,  each 
about  an  intersection  of  two  r3-displaced  walls  or  corners  (cf.  Fig. 
3.3). 

Note   that   all  these  curves  are  either  displaced  walls,  displaced 
corners,  or  circles  about  one  or  another  center. 


Fig.  3.3  A  Type  (18)  Critical  Curve  g  and  Corresponding  Critical 
Positions  of  the  Three  Circles. 
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So  far  we  have  considered  extreme  configurations  of  type  (i) 
arising  from  some  critical  contact  of  either  a  B2~boundary  or  a  B2~type 
I  critical  curve  induced  by  B1  with  other  B2"boundary  or  critical 
curves.  A  second  group  of  Bj-critical  curves  arise  from  critical 
intersections  of  a  B2-type  II  critical  curve  induced  by  B^  with  another 
^-boundary  or  critical  curve.  The  possible  cases  of  this  kind  are  as 
follows : 

(20)  (resp.  (21))  A  Bj-induced  type  II  B2~critical  curve  is  tangent  to 
a  B2~boundary  (resp.  a  type  I  B2~critical  curve):  The  X^-locus  for 
this  event  is  a  circular  arc  of  radius  5^+^  about  an  intersection 
point  of  an  r^-displaced  wall  or  corner  with  another  (2r2+r3)-displaced 
(resp.   (2r2+3r3)-displaced)  wall  or  corner. 

(22)  A  B^-induced  type  II  B2~critical  curve  is  tangent  to  a  type  II 
B2~critical  curve:  The  X^-locus  for  this  event  is  a  circular  arc  of 
radius  r^+r3  about  the  intersection  of  an  ^-displaced  wall  or  corner 
with  the  circle  of  radius  2r2+2r3  whose  center  is  the  intersection  of 
two  ^-displaced  walls  or  corners. 

(23)  (resp.  (24), (25))  A  B^induced  type  II  B2~critical  curve  passes 
thru  an  intersection  of  two  B2-boundaries  (resp.  a  B2"boundary  with  a 
type  I  B2~critical  curve,  two  type  I  B2~critical  curves):  The  Xj-locus 
for  this  event  is  a  circular  arc  of  radius  r^^  about  the  intersection 
of  an  ^-displaced  wall  or  corner  with  the  circle  of  radius  r2+r3  whose 
center  is  the  intersection  of  two  r2-displaced  (resp.  one  ^-displaced 
and  one  (r2+2r3)-displaced ,  two  ( r2+2r3)-displaced)  walls  or  corners. 

(26)  (resp.  (27))  A  Bj-induced  type  II  B2~critical  curve  passes  thru 
an  intersection  of  a  B2-boundary  (resp.  a  type  I  B2~critical  curve) 
and  a  B2~type  II  critical  curve:  The  X^-locus  for  this  event  is  a 
circular  arc  of  radius  1^+^  about  the  intersection  of  an  ^-displaced 
wall  with  the  circle  of  radius  r2+r3  whose  center  is  the  intersection 
of  an  ^-displaced  wall  or  corner  (resp.  an  ( r2+2r3)-displaced  wall  or 
corner)  with  the   circle   whose  center   is   the   intersection  of   two 

r3~displaced  walls. 
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(28)  A  B^-incjuced  type  II  (^-critical  curve  passes  thru  an  intersection 
of  two  type  II  B2~critical  curves:  The  X^-locus  for  this  event  is  a 
circular  arc  of  radius  r^^  about  the  intersection  of  an  ^-displaced 
wall  with  the  circle  of  radius  r2+r3  whose  center  is  the  intersection 
of  two  circles,  each  of  which  is  of  radius  r2+r3  and  has  its  center  at 
an  intersection  of  two  ^-displaced  walls. 

Note  that  all  these  critical  curves  lie  on  circles  of  radius  ri+r-i 
about  one  or  another  center. 

A  final  group  of  B2~critical  curves  is  obtained  by  considering 
situations  in  which  two  or  more  B2-Critical  curves,  both  induced  by  Bj, 
have  a  critical  contact.  As  already  noted  in  the  remarks  immediately 
following  Table  3.1,  these  critical  intersections  can  only  arise  from 
interaction  of  a  B^-induced  type  II  critical  curve  with  another 
B^-induced  boundary  or  critical  curve  and/or  with  stationary 
B2~boundary  or  critical  curves.  Moreover,  a  B^-induced  type  II 
B2~critical  curve  can  never  be  tangent  to  a  B^-induced  B2-boundary,  and 
is  always  tangent  to  a  type  I  B2-critical  curve  (see  Fig.  3.4).  Hence 
these  potentially  critical  tangencies  do  not  generate  any  B^-Critical 
point. 

The  remaining  cases  yield  the  following  B^-critical  curves: 

(29)  (resp.  30)  A  B^-induced  type  II  B2~critical  curve  passes  through 
the  intersection  of  a  Bj-induced  B2-boundary  and  a  stationary 
B2~boundary  (resp.  a  type  I  B2~critical  curve):  The  points  Xj  at  which 
this  occurs  lie  along  the  locus  traversed  by  the  vertex  A  of  the 
triangle  ABC,  defined  by  the  conditions  |AB|  =  r^+ro,  |AC|  =  ri+r2, 
|BC|  =r2+r3,  as  the  triangle  moves  in  such  a  way  that  B  glides  along  an 
r3~displaced  wall  or  corner  and  C  glides  along  an  ^-displaced  (resp. 
an  ( r2+2r3)-displaced)  wall  or  corner. 

(31)  (resp.  (32))  A  B^_induced  type  II  B2~critical  curve  passes 
through  the  intersection  of  a  B^induced  type  I  B2~critical  curve  and  a 
stationary  B2~boundary  (resp.   a  type  I  B2-critical  curve):  same  as   in 
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Fig.  3. A.  Persistent  and  Impossible  Touches  Between  B^-jnduced 

^-critical  Curves 

cases  (29),  (30),  except  that  the  triangle  ABC  is  now  defined  by  the 
conditions  |AB|  =  rj+^j  |BC|  =  r2+r3,  |AC|  =  r^+r2+2r3,  and  therefore 
degenerates  into  a  straight  line  segment. 


(33)  (resp.  (34))  Two  Bj-induced  type  II  B2-critical  curves  and  a 
stationary  B2~boundary  (resp.  a  type  I  B2~critical  curve)  have  a 
common  intersection  point:  Consider  a  quadrangle  ABCD,  defined  so  that 
I AB |  =  |AD|  =  rj+r3,  |BC|  =  |CD|  =  r2+r3,  and  assume  it  to  be  hinged  at 
its  vertices.  Then  the  curves  of  type  (33)  (resp.  (34))  are  loci  of 
points  traversed  by  the  vertex  A  as  the  quadrangle  ABCD  moves  in  such  a 
way  that  the  vertices  B  and  D  glide  along  ^-displaced  walls  or  corners 
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,'B, 


\ 


Fig.  3.5.  A  Type  (33)  Critical  Curve  £,  and  Corresponding  Critical 
Positions  of  the  Three  Circles . 

and  the  vertex  C  glides  along  an  ^-displaced  (resp. 
( r2+2r3)-displaced)  wall  or  corner  (cf.  Fig.  3.5). 

(35)  A  Bj-induced  type  II  B2~critical  curve  passes  through  the 
intersection  of  a  Bj-induced  B2_boundary  and  a  stationary  type  II 
B2~critical  curve:  Let  ABC  be  the  triangle  appearing  in  the  definition 
of  the  critical  curves  of  types  (29)  and  (30).  Critical  curves  of  type 
(35)  are  then  loci  of  points  traversed  by  the  vertex  A  as  ABC  moves 
with  B  gliding  on  an  r3-diSplaced  wall  or  corner  and  C  gliding  along 
the  circle  of  radius  r2+r3  whose  center  is  an  intersection  point  of  two 
^-displaced  walls  or  corners. 


(36)  A  Bj-induced  type  II  B2-critical  curve  passes  through  the 
intersection  of  a  Bj-induced  type  I  B2-critical  curve  and  a  stationary 
type  II  B2~critical  curve:  same  as  in  case  (35),  except  that  the 
triangle  ABC  is  replaced  by  the  degenerate  triangle  used  in  cases  (31) 
and  (32). 
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(37)  Two  B^_incjucecj  type  II  B2~critical  curves  and  a  stationary  type  II 
^-critical  curve  have  a  common  intersection  point:  same  as  in  the 
cases  (33)  and  (34),  except  that  the  vertex  C  of  the  hinged  quadrangle 
ABCD  glides  along  the  circle  of  radius  r2+r3  whose  center  is  the 
intersection  of  two  ^-displaced  walls  or  corners. 

(38)  Two  B^-induced  type  II  B2~critical  curves  intersect  a  Bj-induced 
B2~boundary  curve  at  a  common  point:  Let  ABCD  be  the  quadrangle  whose 
sides  are  as  defined  in  cases  (33)  and  (34),  but  assume  this  time  that 
this  quadrangle  is  rigid  and  that  its  diagonal  satisfies  | AC |  =  r^+rn. 
Then  critical  curves  of  type  (38)  are  the  loci  of  points  traversed  by 
the   vertex  A  as   ABCD  moves   so   that  its  vertex  B  slides  along  one 

^-displaced  wall  or  corner,  and  D  slides  along  another  such  displaced 
wall  or  corner. 

All  critical  curves  of  classes  (29)-(38)  are  relatively  simple 
algebraic  curves.  Curves  of  types  (29),  (30),  (31),  (32),  (35),  (36) 
and  (38)  are  all  'glissetes'  (cf.  [Lo])  traversed  by  one  vertex  of  a 
triangle  or  rigid  quadrangle  as  its  other  vertices  traverse  a  straight 
line  or  circle.  Curves  of  types  (33),  (34)  and  (37)  are  produced  by 
one  vertex  of  a  hinged  quadrangle  as  its  other  three  vertices  slide 
along  lines  or  circles. 

We  have  now  listed  all  the  curves  in  the  space  of  the  variable  Xj 
along  which  there  can  occur  configurations  causing  discontinuities  in 
CG(X^).  These  curves  partition  the  space  A^  of  B^-admissible  positions 
into  finitely  many  connected  regions,  which  we  will  call  Bj-noncritical 
regions.  Our  next  task  is  to  show  that  these  regions  possess 
properties  analogous  to  those  of  noncritical  regions  of  other  cases  of 
the  Movers'  problem  studied  previously.  The  following  lemma 
accomplishes  this. 

Lemma  3.1:  Let  R  be  a  B^-noncritical  region  R.  Then  CG(X^)  is  constant 
for  Xj  e  R.  Moreover,  for  each  connected  component  C  of  CG(Xj^),  the 
corresponding  connected  component  y(Xltc)  of  P(X^)  depends  continuously 
(in  the  Hausdorff  metric)  on  Xj  e  r.  Moreover,  for  it  to  be  possible  to 
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move  continuously  in  FP  from  one  free  configuration  txi,X2,X3]  e  FP 
Xj  e  R,  to  another  such  configuration  [X]/ ,X2# 1X3' ]  e  FP,  X] '  e  R  in 
such  a  way  that  the  center  of  B^  remains  in  R  throughout  the  motion,  it 
is  necessary  and  sufficient  that  the  connected  component  of  P(X^) 
containing  [X2,X3]  should  have  the  same  label  as  the  connected 
component  of  PCX]/)  containing  [X2',X3']. 

Proof :  That  CG(Xj)  remains  constant  for  X]  e  R  follows  from  the 
definition  of  Bj-noncritical  regions,  because  any  change  in  CG(X^)  must 
occur  at  points  lying  on  some  B^-Critical  curve.  We  can  also 
re-establish  this  fact,  together  with  the  continuity  of  p,  as  follows. 
Let  X]  e  R  be  a  noncritical  point,  and  let  C  be  a  connected  component 
of  CG(X^).  Then  when  the  center  of  B^  varies  in  a  sufficiently  small 
neighborhood  of  Xj ,  all  B2~boundaries  and  critical  curves,  as  well  as 
their  points  of  intersection,  will  vary  continuously  with  B^.  It 
follows  that  the  number  of  B2~noncritical  regions  onto  which  C  projects 
remains  unchanged,  and  that  for  each  [L,T]  e  C  the  B2~noncritical 
region  t(Xj,l)  remains  nonempty  and  varies  continuously  with  X^.  Let 
[L,T]  e  C,  and  suppose  that  Xj  varies  in  some  small  neighborhood  U 
contained  in  R.  Then  it  is  easily  seen  that  there  exists  an  open 
nonempty  set  N  which  is  contained  in  each  of  the  B2~noncritical  regions 
tCX^l),  for  Xi  e  U.  Let  us  fix  the  center  of  B2  at  some  X2  E  N.  Then 
the  connected  component  K(X^)  =  ^Xi(x2>T)  of  Q(xl>x2)  will  depend 
continuously  on  Xj  e  u.  Indeed,  each  boundary  arc  of  K(Xj)  lies  either 
along  an  ^-displaced  wall  or  corner,  or  along  p^CX^),  or  along  the 
circle  P23(X2>  of  radius  r2+r3  about  X2.  Moreover,  for  each  X\  e  U, 
p23(x2)  is  not  tangent  to  any  of  the  other  boundary  curves,  and  does 
not   pass  through  the  intersection  of  two  of  these  curves,  because  then 

X2  would  lie  on  a  B2~critical  curve,  contrary  to  assumption. 
Similarly,  for  each  Xj  g  u,  none  of  the  other  boundary  curves  of  K(X^) 
becomes  tangent  to  another  such  curve,  and  no  three  of  them  pass 
through  the  same  point,  since  any  of  these  conditions  would  imply  that 
X]  lies  on  a  type  (1)  or  type  (2)  B^-critical  curve,  contrary  to 
assumption.  It  follows  that  each  boundary  arc  of  K(X^ )  and  its 
endpoints  depend  continuously  on  X^ ,  for  Xj  e  U,  so  that  K(X^)  itself 
varies  continuously  with  X]  £  U.  Finally,  if  the  center  of  B2  is  placed 
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on  a  B2-critical  curve  3  at  some  point  X2  which  does  not  lie  on  any 
other  B2~critical  curve,  then  moving  Xi  slightly  will  either  leave  g 
unmoved,  or  move  it  slightly  so  that  if  X2  is  kept  on  that  curve  it 
will  still  not  meet  any  other  B2~critical  curve,  and  moreover  the 
crossing  rules  at  X2  will  remain  unchanged  (see  the  corollary  to  Lemma 
1.9,  and  also  condition  (B)  of  Lemma  1.8).  All  this  implies  that 
CG(X^)  does  not  change  in  a  sufficiently  small  neighborhood  of  X]_,  and 
that  pCX^C)  varies  continuously  with  X^  e  R. 

The  'only  if  part  of  the  final  assertion  of  the  lemma  is  obvious, 
due  to  the  continuity  of  the  maps  u  just  established.  For  the  'if 
part,  suppose  that  [X}^,  X3],  [Xj  '  ,X2'  ,X3'  ]  e  FP  with  X^Xj'  e  R  are 
such  that  the  connected  component  K  of  P(X^)  and  the  connected 
component  K'  of  P(Xf  )  are  both  labeled  with  C,  where  C  is  some 
connected  component  of  CGCXj)  =  CG(Xf  ).  By  the  definition  of  this 
labeling  it  follows  (excluding  cases  where  X2  or  X2'  lie  on  a 
B2-criticial  curve)  that  there  exist  two  nodes  [S,T],  [S',T']  of  C  such 
that  X2  e  t(X1,S),  X2'  e  x(X1',S'),  and  such  that  X3  (resp.  X3')  lies 
in  <fX  (X2,T)  (resp.  <jjx  ,(X2',T')).  Since  [S,T]  and  [S',T']  are 
connected  to  each  other  in  the  2-circle  connectivity  graph  CG(Xj ' ) ,  we 
can  move  B2  and  B3  continuously  (keeping  B^  fixed  with  its  center  at 
Xf )  in  a  collision-free  motion  from  the  configuration  [X2',X3']  to  any 
configuration  [X2",X3"]  such  that  X2"  e  i(Xf  ,S)  and  X3"  e  iW  ,(X2",T). 
Let  c(t),  0< t< 1  be  any  continuous  motion  of  the  center  of  B^  from  Xj  to 

Xf  which  is  fully  contained  in  R.  For  each  0<t<l,  let  Yl(t),  Y2(c)  De 
two  boundary  arcs  of  i(c(t),S)  meeting  at  a  corner  D(t).  Since  c(t)  is 
always  noncritical,  there  clearly  exists  a  continuous  function  d(t)  e 
x(c(t),S),  t  e  [0,1],  which  can  be  effectively  constructed  by  choosing 
d(t)  inside  an  angular  neighborhood  of  D(t)  lying  between  the  curves 
Yl(t)  and  ^(0  and  sufficiently  near  D(t).  Similarly,  one  can 
construct  another  continuous  function  e(t)  e  i|>c(  t)  (d(  t)  ,T) ,  t  e  [0,1]. 
Put  U  =  d(0),  V  =  e(0),  U'  =  d(l)  and  V  =  e(l).  Then  the  desired 
motion  of  the  three  bodies  can  be  constructed  as  follows: 

(i)  Move  B2  and  B3  so  that  their  centers  lie  on  U,V  respectively. 
Since   Bj   does  not  move,  this  is  an  instance  of  intra-region  motion  of 
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two  circles,  which  is  possible  because  X2  and  U  both  lie  in  the  same 
B2~noncritical  region  t(X},S),  and  because  X3  e  tx1(^2,T)  and  V  e 
^XiCU.T)  (see  Lemma  1.5). 

(ii)  Move  the  centers  of  B^  b2  and  B3  from  [Xi.U.V]  to  [Xi'.U'.V] 
along  the  curves  c(t),  d(t)  and  e(t)  respectively. 


(iii)  Move  B2  and  B3  so  that  their  centers  move  from  [U',V]  to 
1X2', X3'].  As  already  noted,  since  Bj  does  not  move,  this  is  a  two 
circle  motion-planning  operation,  and  the  required  motion  is  possible 
because  the  marking   [S,T]   of   [U',V]   and   the  marking   [S'.T'J   of 

[X2',X3'J  belong  to  the  same  connected  component  C  of  CG(X]/)  (see 
Theorem  1.1).   Q.E.D. 

Remark:  The  functions  d(t)  and  e(t)  used  in  the  preceding  proof  can  in 
many  (but  not  all)  cases  be  taken  to  be  constant  positions,  as 
indicated  by  the  proof  of  Lemma  1.5.  However,  there  do  exist 
B2~noncritical  regions  whose  entire  area  moves  with  B^  (e.g.  regions 
bounded  between  the  two  circular  arcs  Pi2(xl)  and  Pl23^xl)  about  the 
center  Xj  of  Bj),  for  which  we  must  move  the  circles  B2  and  B3 
simultaneously  with  Bj^  in  step  (ii)  of  the  preceding  proof. 

The  following  definition  is  analogous  to  Definition  1.4. 

Definition  3. 1:  Given  a  B^noncritical  region  R,  we  let  o(R)  denote  the 
set  of  all  components  of  CG(X1))  where  X\   is  any  point  in  R. 

Corollary   3.1:   Let  T(R)  denote  the  subset  of  all  free  configurations 

[ xi , X2 , X3 ]  satisfying  Xj  e  R.  Then  T(R)  is  the  disjoint  union  of  its 
connected   components  r([R,C]),  for  C  e  o(R),  where  T([R,C])  is  defined 

as  the  set   of   all   configurations   [Xi.X2.X3]   such   that   [X2,X3]   e 

u(x1>C). 

Proof :  Immediate  from  the  proof  of  Lemma  3.1. 
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Next  we  consider  the  'crossing  rules'  that  apply  as  X.  crosses 
some  critical  curve  g  between  two  adjacent  B^-noncritical  regions. 
Using  an  appropriate  modification  of  Lemma  1.6  as  in  the  two-circle 
case,  we  see  that  we  need  only  consider  the  case  in  which  Xj  crosses  3 
transversally  along  some  short  straight  line  segment,  at  a  point  which 
does  not  lie  on  any  other  B^-critical  curve,  and  in  which  X2  and  X3  are 
fixed  during  that  motion.  The  following  definition  and  lemma 
generalizes  Lemma  1.7: 

Definition  3.2:  Let  the  critical  curve  3  be  part  of  the  boundary  of  a 
Bi-noncritical  region  R,  and  let  C  e  o(R).  Put  X,  =  [R,C].  Then  v(X,;) 
is  the  set  of  all  limit  points  of  sequences  [Yn,zn]  such  that  [Yn,Zn]  e 
M(Xn>C),  taken  over  all  sequences  X^   e  R  such  that  Xn  +  X. 

Lemma  3.2:  Suppose  that  (a  portion  of)  the  critical  curve  3  forms  part 
of  the  boundary  of  a  Bj-noncritical  region  R,  and  that  C  e  o(R).  Put  c, 
[R,C].  Then  the  interior  of  the  set  v(X,£)  is  contained  in  P(X)  and 
is  a  union  of  connected  components  of  P(X),  and  the  boundary  of  v(X,£) 
is  contained  in  SFP-P(X).  If  C  e  o(R),  C  *  C,  and  5'  =  [R,C],  then 
int(v(X,£))  and  v(X,?')  are  disjoint  for  each  X  e  g.  Moreover,  for 
each  Zltz2   e  V  the  set  {X  e  g  :  [Zi,Z2l  e  int(v(X,£))}  is  open  in  g. 

Proof:  Let  [Y,Z]  be  an  interior  point  of  v(X,5).  We  claim  that  [X,Y,Z] 
e  FP.  Indeed,  since  v(X,c)  is  a  set  of  limits  of  sequences  of  free 
configurations,  it  follows  that  v(X,£)  must  be  contained  in  SFP. 
Suppose  that  [X,Y,Z]  belonged  to  SFP-FP.  Then  in  this  configuration  at 
least  one  of  the  circles  B2,  B3  must  touch  another  circle  or  a  wall, 
for  otherwise  B^  would  have  to  touch  some  wall,  so  that  X  would  lie  on 
the  boundary  of  A^y  contrary  to  assumption.  It  is  then  plain  that 
every  neighborhood  of  [Y,Z]  contains  configurations  which  are  not 
semi-free,  which  contradicts  the  fact  that  a  small  neighborhood  of 
[Y,Z]  is  contained  in  v(X,s),  thus  in  SFP. 

Next  let  [Y,Z]  be  a  point  on  the  boundary  of  v(X,0.  We  claim 
that  [X,Y,Z]  e  SFP-FP.  Indeed,  suppose  to  the  contrary  that  [X,Y,Z]  e 
FP.   Since  [Y,Z]  e  v(X,£),  [X,Y,Z]  is  the  limit  of  a  sequence  of  (free) 
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configurations  [Xn,Yn,Zn],  where  Xn  e  R,  Yn  e  i(Xn,L)  and  Zn  e 
4>v  (Yn,T),  for  some  [L,T]  e  C.  Since  FP  is  open  there  exists  a  fixed 
neighborhood  U  of  [0,0]  such  that  the  sets  [Xn>Yn,Zn]  +  {0}*U  are 
contained  in  FP  for  all  sufficiently  large  n.  It  follows  that   the   set 

[Yn>zn]  +  U  is  contained  in  u(Xn,C)  for  all  sufficiently  large  n,  and 
consequently  the  set  [Y,Z]  +  U  is  contained  in  v(X,0,  contradicting 
our  assumption  that  [Y,Z]  is  a  boundary  point  of  v(X,c). 

It  follows  that  any  connected  component  K  of  P(X)  which  intersects 
int(v(X,;))  is  contained  in  v(X,0,  for  otherwise  there  would  exist  a 
point  p  in  K  belonging  to  the  boundary  of  v(X,£),  and  hence  {X}xp  would 
belong  to  SFP-FP,  contradicting  the  fact  that  {X}xP(X)  is  a  subset  of 
FP.  This  proves  that  int(v(X,0)  is  a  union  of  connected  components  of 
P(X). 

Next  let  C  e  o(R),  C  *  C,  and  let  ?'  =  [R,C].  Suppose  that 
there  exists  a  point  [Y,Z]  e  int(v(X,j;))  which  also  belongs  to  v(X,?'). 
By  the  foregoing,  [X,Y,Z]  e  FP,  so  that  there  exists  a  connected 
neighborhood  U  of  [Y,Z]  such  that  {X^xU  is  contained  in  FP  for  all 
sufficiently  large  n.  Thus  for  large  n  the  set  U  is  contained  in  a 
single  connected  component  of  PCX^) ,  and  hence  is  either  contained  in 
vCX^jC)  or  else  lies  wholly  outside  it.  However,  the  second  case  is 
impossible   for   large   n  because   then   [Y,Z]  could  not  be  a  limit  of 

points  in  y(Xn,c).  It  follows  that  [Y,Z]  e  p(Xn,C)  for  all  large  n. 
However,  since  [X,Y,Z]  is  a  free  configuration  and  [Y,Z]  e  v(X,?')  we 
must  have  [Y,Z]  e  int(v(X,£ ' ) ) ,  so  that,  arguing  as  above,  we  can 
deduce  that  [Y,Z]  e  u(Xn,c')  for  all  large  n,  which  is  impossible, 
since  the  sets  yCX^C)  and  u(Xn,C)  are  disjoint  for  C  ±   C 

Next  we  show  that  for  each  Y,Z  z   V  the  set 

D(Y,Z)  =  {X  e  6  :  [Y,Z]  e    int(v(X,?))} 

is  open  in  g.  For  this,  let  X  belong  to  D(Y,Z),  i.e.  [Y,Z]  e 
int(v(X,£ ) ).  As  above,  ?  =  [R,C].  By  what  we  have  just  shown,  [X,Y,Z] 
e  FP,  and  hence   for  all  X'   e   R  lying   in  a   sufficiently   small 
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neighborhood  U'  of  X  the  point  [Y,Z]  belongs  to  some  set  y(X',C)  with 
C  fixed.  (Indeed,  choose  U'  to  be  a  neighborhood  of  X  whose 
intersection  U  =  U'*R  with  R  is  arcwise  connected,  and  let  U'  be 
sufficiently  small  so  that  [X',Y,Z]  e  FP  for  all  X'  e  U.  Then  Ux{[Y,Z]} 
is  a  connected  subset  of  T(R),  and  so  must  be  contained  in  a  single  one 
of  the  connected  components  of  T(R)).  Passing  to  the  limit  X  through 
points  in  U  we  find  that  [Y,Z]  z  v(X,[R,C']),  and  since  we  have  just 
shown  that  v(X,[R,C'])  and  int(v(X, [R,C] ) )  are  disjoint  if  C  *  C  ,  we 
must  have  C  =  C.  In  the  same  way,  passing  to  limits  X'  e  3  through 
sequences  of  points  in  U,  we  see  that  [Y,Z]  z  int(v(X' ,<; ) )  for  all  X'  z 
3  sufficiently  near  X,  so  that  the  set  D(Y,Z)  must  be  open.   Q.E.D. 

Next   we   generalize  Lemma   1.8   to   the  three-circle  case.   The 

formulation  and  proof  of  the  generalized  lemma  turn  out   to   be   almost 

identical  to  the  material  presented  in  Section  1.  For  completeness  sake 
we  state  the  generalized  lemma,  to  wit 

Lemma  3.3:  Suppose  that  (a  portion  of)   a   smooth  critical   curve   3 

separates   two   connected   B^-noncritical   regions  R\      and  Ro   and  that 

Rl+R2+B  is  open.   Let  C\   z   a(Ri),  and  C2  e  a(R2).   Put  x,  \   =  [Ri,C]J  and 

?2  =  [R2»c2l.  and  let  rl  =  r(Sl)>  r2  =  r(?2)«  Then  the  following 
conditions  are  equivalent: 

Condition  A:  There  exists  a  point  X  e  B  such  that  the  open  sets 
int(v(X,5 1)) ,  int(v(X,C2))  have  a  non-null  intersection. 

Condition  B:  There  exists  a  smooth  path  c(t)  =  [x( t) ,y( t) ,z( t) ]  z  FP 
which  has  the  following  properties: 

(i)  c(0)  e  rlt   c(l)  z   r2; 

(ii)  x(t)  z   R1+R2+g  for  all  0<t<l; 

(iii)  x(t)  crosses  3  just  once,  transversally ,  when  t=tQ,  0<tQ<l ,  and 
y(t)  and  z(t)  are  constant  for  t  in  the  vicinity  of  tQ. 
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Proof :  Essentially  identical  to  that  of  Lemma  1.8,  and  therefore 
omitted.   Q.E.D. 

Next  we  generalize  Lemma  1.9  to  the  three-circle  case,  i.e.  we 
show  that  if  condition  A  of  the  preceding  lemma  holds  for  one  point 
lying  on  a  portion  3 '  of  3  not  intersected  by  any  other  B^-critical 
curve,  this  same  condition  holds  for  all  points  of  3'» 

Lemma  3.4:  Let  the  smooth  Bj-critical  curve  3  separate  two 
B^-noncritical  regions  Rj  and  R^.  Let  3 '  be  a  connected  open  segment 
of  3  not  intersecting  any  other  B^-critical  curve,  and  suppose  that 
Rl+R2+3 '  is  open.  Let  C^,C2,  C 1 > C 2  be  defined  as  in  the  preceding 
lemma.  Then  the  set  of  X  e  3'  for  which  the  open  sets  int(v(X,5 ^) )  and 
int(v(X,S 2) )  have  a  non-null  intersection  is  either  all  of  3'  or  is 
empty. 

Proof :   Let  M  be  the  set  of  all  X  e  3'  for  which  the  sets  int( v(X,£ j)) 

and  int(v(X,£ 2))  have  a  point  in  common.  Since  M  is  the  union  of  sets 
of  the  form 

{X  e  3'  :  [Y,Z]  e  int(v(X,; L) )}  *  {X  e  3  :  [Y,Z]  e  int(v(X,?2)))  > 

taken  over  Y,Z  e  V,  and  since  by  Lemma  3.2  each  of  these  sets  is  open, 
it  follows  that  M  is  open  relative  to  3'*  Hence  we  have  only  to  show 
that  M  is  also  closed  relative  to  3 ' •  Suppose  the  contrary;  then  there 
exists  an  X  e  3'  such  that  int(v(X,£i))  and  int(v(X,?2>)  are  disjoint 
but  for  which  there  also  exists  a  sequence  ^  0f  points  on  3' 
converging  to  X  such  that  for  all  n  the  sets  intCvCXj^  ,£ ,  ) )  and 
int(v(Xn ,£ 2) )  intersect  each  other. 

By  Lemma  3.2,  for  each  n> 1  the  sets  int( v(Xn ,£  •) ) ,  j  =  l,2,  are 
unions  of  connected  components  of  PC^) .  Thus,  passing  to  a 
subsequence  if  necessary,  we  can  assume  that  for  each  n>l  both  sets 
intCvCX^  tz,  j) ) ,  j=l,2,  contain  a  connected  component  Kn  of  P(Xn)  whose 
label  ACK^)  is  constant.  To  study  the  limiting  behavior  of  the  sets  Kn 
as  n>°° ,  we  begin  by  observing  that  for  any   limit   point   [Y,Z]   of   a 
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sequence  of  points  in  Kn >  t^e  point  [X,Y,Z]  must  belong  to  SFP-FP. 
Indeed,  if  [X,Y,Z]  were  free  there  would  exist  a  small  neighborhood  U 
of  [Y,Z]  such  that  for  all  sufficiently  large  n  the  sets  {X^xU  would 
be  wholly  contained  in  FP.   Hence  for  large  n  the  set  U  would  either  be 

wholly  contained  in  K^  or  would  lie  wholly  outside  Kn.  However  the 
second  alternative  cannot  hold  for  all  large  n,  since  if  it  did  [Y,Z] 
would  not  be  a  limit  of  points  in  K^.  Thus  if  [X,Y,Z]  is  free,  it 
follows  that  [Y,Z]  e  intCvCX^  j)) ,  j=l,2,  for  all  sufficiently  large 
n.  On  the  other  hand,  if  [X,Y,Z]  is  free,  it  is  easily  seen  that  [Y,Z] 
must  belong  to  the  interior  of  v(X, [Rls Cj ' ] )  for  some  Cj'  e  aCRj),  and 
also  to  the  interior  of  v(X, [R2,C2' ] )  for  some  C2'  e  o(R2).  But  then 
it  follows  from  the  final  statement  of  Lemma  3.2  that  [Y,Z]  belongs  to 
the  interior  of  v(Xn, [R^ ,Cj ' ] )  for  all  large  n,  so  that  (using  Lemma 
3.2  once  more)  cj=Cj'  for  j=l,2.  However,  this  contradicts  our  initial 
assumption  that  the  sets  int(v(X,£ j)) ,  j=l,2,  do  not  intersect  each 
other. 

Thus  as  asserted  each  point  [Y,Z]  in  the  set  K  of  limit  points  of 
sequences  of  points  in  K^  is  such  that  [X,Y,Z]  is  in  SFP-FP.  Next  we 
analyze  the  possible  forms  of  such  a  K.  For  simplicity,  let  us  assume 
that  each  of  the  sets  Y^  ±s  just  a  single  cell  of  FP,  corresponding  to 
a  single  node  [L,T]  e  CG(Xn) ,  for  each  n>l.  Projecting  Kn  and  K  into 
the  subspace  A2  of  positions  of  the  center  of  B2,  we  obtain  a 
corresponding  sequence  of  B2-n0ncritical  regions  i(Xn,L),  and  plainly 
the  set  of  all  limit  points  of  sequences  of  points  Yn  e  i(Xn,L) 
coincides  with  the  projection  J  of  K  into  A2.  j  ±s  clearly  a  connected 
set,  and  since  the  boundary  of  each  of  the  regions  tCX^l)  consists  of 
some  fixed  finite  number  of  straight  and  circular  arcs  J  must  have  one 
of  the  three  following  forms: 

I.  J  consists  of  a  single  point  Y. 

II.  J  consists  of  some  arcs,  but  has  empty  interior. 

III.  J  has  a  nonempty  interior  Jq. 
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As  noted,  each  of  the  regions  t(XnjL)  is  bounded  by  a  fixed 
sequence  of  I^-boundary  arcs  and  critical  curves;  some  of  these  curves 
may  move  with  X^  but  each  such  moving  curve  is  a  circular  arc,  either 
of  radius  *i+T2  about  Xn ,  or  of  radius  r^+r2+2r3  about  Xn ,  or  of  radius 
^2+r3  about  an  intersection  of  an  ^-displaced  wall  with  the  circle  of 
radius  r^+r^  about  Xn.  Each  of  these  moving  curves  converges  as  Xn  +  X 
to  a  limit  curve  which  is  contained  in  a  circle  of  one  of  these  three 
radii  centered  at  X. 

Consider  case  I  first.  It  is  clear  that  in  this  case  all  the 
boundary  arcs  of  x(Xn>L)  must  converge  to  the  single  point  Y  as  Xj,  +  X. 
This  can  only  happen  if  either  the  limiting  positions  of  at  least  three 
curves  containing  boundary  arcs  of  i(Xn)L)  pass  through  the  point  Y, 
or,  if  the  boundary  of  x(Xn)L)  consists  of  just  two  arcs,  if  the 
limiting  positions  of  the  two  curves  containing  these  arcs  become 
tangent  to  each  other  at  Y.  Moreover,  in  either  case,  for  each  n  >  1, 
this  triple  intersection  or  tangency  does  not  occur  at  the  region 
tCXjj  ,!,).  However,  points  X  for  which  such  a  triple  intersection  or 
tangency  of  I^-boundary  or  critical  curves  occurs  must  lie  on  the 
B^-critical  curve  fjj  that  is  defined  by  this  geometric  condition.  Thus 
X  E  &i,  while  none  of  the  points  Y^  belong  to  Sp  But  then  X  belongs 
to  the  two  distinct  critical  curves  3',  3^,  contrary  to  assumption. 

Next  consider  case  II.  Let  3^(Xn)  and  32(xn)  be  two  adJacent 
boundary  arcs  of  tCX^L),  meeting  at  a  corner  Dn  of  that  region. 
Suppose  that  as  n-*-00  Dn  converges  to  some  point  D.  Then  D  lies  on  the 
limiting  positions  3j  and  32  °f  tne  two  curves  (lines  or  circles) 
containing  3j(Xn)  and  32(Xn).  If  these  two  limiting  curves  do  not 
overlap  each  other,  then  either  they  become  tangent  to  each  other,  or 
else  there  must  exist  a  third  boundary  arc  of  x(Xn>L)  which  converges 
to  D,  for  otherwise  a  small  angular  neighborhood  of  D  between  B^  and  32 
would  be  wholly  contained  in  J,  contrary  to  our  assumption.  If  either 
of  these  two  conditions  occurs  then,  arguing  as  in  case  I  above,  we 
deduce  that  X  must  lie  on  another  B^-critical  curve  which  does  not 
contain  the  sequence  X^ (  which  is  impossible  by  our  assumptions.  Next 
consider  the  case  in  which  the  two  limiting  curves  3^  and   32  overlap 
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each   other   (and   in  which   this  overlap  does  not  occur  in  any  of  the 

regions  t(Xn ,!,)).  Such  an  overlap  cannot  occur  between  two  straight 
boundary  segments,  because  these  segments  do  not  move  as  X^  *  x. 
Moreover,  among  the  various  B2-boundary  and  critical  curves  there 
exists  just  one  circle  (i.e.  Pi2(X))  of  radius  n+r2  and  just  one 
circle  (i.e.  P].23(X))  of  radius  rj+r2+2r3,  which  plainly  cannot 
overlap  with  any  other  curve.  It  follows  that  the  only  possible 
overlaps  are  between  two  type  II  B2-critical  curves  61,62.  at  least  one 
of  which  moves  with  X^.  Suppose  first  that  62  is  a  stationary  circular 
arc  of  radius  r2+r3  about  the  intersection  D  of  two  ^-displaced  walls 
or  corners  Yi,Y2>  and  that  61  is  a  circular  arc  of  radius  r2+r3  about 
the  intersection  En  0f  an  ^-displaced  wall  or  corner  73  with  the 
circle  Pi3(Xn)  of  radius  r\+T2  about  Xn.  It  follows  that  F^  is 
distinct  from  E  for  all  n,  but  that  the  sequence  {En}  converges  to  E  as 
n*°°.  Hence  X  lies  on  the  type  (2)  Bj-critical  curve  6o»  which  is  a 
circular  arc  of  radius  r1+r3  about  E,  but  none  of  the  points  Xn  lie  on 
6q,  which  gives  a  contradiction  as  in  the  preceding  case  I.  Suppose 
next  that  both  6^  and  62  are  circular  arcs  of  radius  r2+r3  about  two 
points  En  *  En'  in  which  the  circle  pj3(Xn)  intersects  two  ^-displaced 
walls  or  corners  Yj,Y2  respectively.  If  Yi  =  Y2  then,  since  En  and  En' 
must  approach  each  other  as  n-*-°° ,  it  follows  that  X  must  lie  on  the  type 
(1)  B^-critical  curve  at  distance  r^+2r3  from  the  wall  or  corner 
corresponding  to  Yj.  On  the  other  hand,  if  Yi  *  Y2  then  En  and  En' 
must  both  converge  to  a  point  E  at  which  y^  and  Y2  intersect  each 
other,  so  that  X  lies  on  the  type  (2)  B^-critical  circle  at  radius 
r^+r3  about  E.  In  either  case  it  follows  that  X  lies  on  a  Bj-critical 
curve  other  than  6,  leading  to  a  contradiction  as  before. 

Finally,  consider  case  III,  in  which  J  has  a  nonempty  interior  Jq. 
If  we  eliminate  the  points  lying  on  a  finite  number  of  curves,  the 
remaining  Y  e  Jq  do  not  lie  on  any  B2-boundary  or  critical  curve  when 
Bj  is  placed  at  X,  and  for  sufficiently  large  n  no  such  Y  will  belong 
to  any  B2~boundary  or  critical  curve  when  Bj  is  placed  at  Xn.  Thus, 
when  B^  is  placed  at  either  Xn  or  X  and  B2  is  placed  at  Y,  Bi  and  B2  do 
not  touch  either  a  wall  or  each  other. 
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Since  Y  belongs  to  i(Xn>L)  for  an  large  n,  the  sets  Mn*  =  {Z  :  [Y,Z]  e 
K^}  are  open  and  nonempty  for  all  large  n.  Focus  attention  on  a  single 
connected  component  1^  of  Mn  •  Each  of  the  arcs  bounding  t^  is  either 
an  ^-displaced  wall  or  corner,  or  a  circular  arc  of  radius  r^+r3  about 
^ ,  or  a  circular  arc  of  radius  1^2+^  about  Y,  and  Mn  lies  on  the 
outside  (convex)  side  of  each  circular  arc  of  its  boundary.  It 
follows,  as  in  the  proofs  of  Lemmas  1.7  and  1.9,  that  as  Xn  ■*■  x,  Mn 
converges  to  a  set  M  which  either  consists  of  a  single  intersection 
point  at  which  two  ^-displaced  walls  or  corners  (one  of  which  may  be 
B2)  come  together  with  pjjtX),  or  else  M  has  a  nonempty  interior. 
However,  the  second  alternative  is  impossible,  since  for  each  Z  in  the 
interior  of  M  the  configuration  [X,Y,Z]  e  K  would  plainly  belong  to  FP, 
contrary  to  the  fact,  established  above,  that  K  is  contained  in  SFP-FP. 
Hence  M  is  a  singleton  {D} ,  for  some  intersection  point  D  of  two 
^-displaced  walls  and  corners  (one  of  which  may  be  B2)  which  also  lies 
on  p^3(X).  By  choosing  Y  e  Jq  for  which  no  intersection  D  of  P23(Y) 
with  a  displaced  wall  or  corner  lies  at  distance  r^+r^  from  X,  we  can 
rule  out  the  case  in  which  D  is  the  intersection  of  an  r-j-displaced 
wall  or  corner  with  the  r^-displaced  B2.  It  therefore  follows  that  X 
lies  on  the  type  (2)  B^-critical  curve  3o  which  is  a  circular  arc  of 
radius  ^4^3  about  the  corner  D,  but  that  none  of  the  points  Xn  lie  on 
3q,  giving  us  a  final  contradiction. 

All  this  proves  that  M  is  closed,   completing   the   proof   of   the 
present  lemma.   Q.E.D. 

As   in  Section  1,  we  can  now  define  the  connectivity  graph  for  the 
case  of  three  circular  moving  objects,  as  follows: 

Definition  3.3:  The  connectivity  graph  CG2  of  an  instance  of  the 
three-circle  movers'  problem  is  an  undirected  graph  whose  nodes  are  all 
pairs  of  the  form  [R,C]  where  R  is  some  connected  B^-noncritical  region 
(bounded  by  B^-critical  curves)  and  where  C  e  o(R).  The  graph  CG2 
contains  an  edge  connecting  [R,C]  and  [R'.C'J  if  and  only  if  the 
following  conditions  hold: 
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(1)  R  and  R'  are  adjacent  and  meet  along  a  B, -critical  curve  3. 

(2)  For  some  one  of  the  open  connected  portions  3 '  of  3  contained  in 
the  common  boundary  of  R  and  R'  and  not  intersecting  any  other 
B^-critical  curve,  and  for  some  (and  hence  every)  point  X  e  3'  the  sets 
int(v(X,[R,C] ))  and  int(v(X, [R' ,C ] ) )  have  a  non-null  intersection. 

We  can  now  state  the  main  result  of  this  section. 

Theorem  3.1:  There  exists  a  continuous  motion  c  of  B^,  B2  and  B3 
through  the  space  FP  of  free  configurations  from  an  initial 
configuration  [X,Y,Z]  to  a  final  configuration  [X',Y',Z'J  if  and  only 
if  the  vertices  [R,C]  and  [R',C]  of  the  connectivity  gxaph  CG2 
introduced  above  can  be  connected  by  a  path  in  CG2,  where  R,  R'  are  the 
B^-noncritical  regions  containing  X,  X'  respectively,  and  where  C 
(resp.  C)  is  the  label  of  the  connected  component  in  P(X)  (resp. 
P(X'))  containing  [Y,Z]  (resp.   [Y',Z']). 

Proof:  The  proof  is  an  obvious  modification  of  the  proof  of  Theorem 
1.1,  and  is  therefore  omitted  here.  We  note  that  the  present  theorem 
follows  from  Lemmas  3.1-3.4  in  much  the  same  way  that  Theorem  1.1 
follows  from  Lemmas  1.5-1.9.   Q.E.D. 

To  conclude  this  section  we  will  say  a  few  words  about  the 
crossing  rules  associated  with  the  various  kinds  of  B^-critical  curves 
3  listed  above.  As  in  the  two-circle  case,  each  of  these  rules 
describes  a  situation  falling  into  one  of  the  following  three 
categories:  either 

(a)  One  or  more  components  of  P(X^)  split,  each  into  two  components,  as 
Xj  crosses  6 ,  which  then  pull  away  from  each  other  as  we  move  into  the 
region  lying  on  the  other  side  of  3.  Conversely,  various  pairs  of 
components  may  make  contact  and  fuse  together  as  3  is  crossed.  A 
related  possibility  is  that  two  otherwise  disjoint  portions  ('lobes') 
of  a  single  connected  component  should  make  contact  as  3  is  crossed,  or 
conversely  that  a  portion  of  one  connected  component  should   thin  down 
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to  a  point  and  then  separate,  but  without  connectivity  being  lost. 
Each  of  these  latter  cases  represents  a  situation  in  which  one 
component  of  P(X^)  changes  its  label  as  3  is  crossed.  In  addition  to 
these  structural  changes,  some  other  components  of  P(X^)  Can  change 
their  labels  at  such  a  crossing,  simply  because  some  of  the 
B2~noncritical  regions  onto  which  these  components  project  may  change 
their  labels,  due  to  the  appearance  of  a  new  boundary  edge,  or  to  the 
disappearance  of  an  existing  boundary  edge  (see  below  for  details);  or 

(b)  One  or  more  components  of  P(#i)  shrink,  each  to  a  point,  and  then 
disappear  as  Xj  crosses  3  (or  vice  versa);  as  before,  some  additional 
components  of  P(X})  may  change  their  labels  as  3  is  crossed,  for 
reasons  similar  to  those  mentioned  above;  or 

(c)  The  number  of  connected  components  of  P(Xj^)  does  not  change  at  such 
a  crossing,  but  some  components  change  their  labels  as  3  is  crossed. 

Earlier,  in  preparing  to  describe  the  38  kinds  of  Bj-critical 
curves,  we  noted  that  each  critical  position  Xj  0f  the  center  of  Bi  is 
associated  either  with  a  change  in  the  collection  of  I^-noncritical 
regions  of  P(X1))  0r  (in  the  case  of  type  (1)  and  type  (2)  Bi~critical 
curves  3)  with  a  change  in  the  collection  of  B3_components  0f  Q(Xi,X2) 
which  occurs  uniformly  for  an  entire  region  of  positions  X2  of  the 
circle  B2.  Moreover,  the  combinatorial  descriptors  that  have  been 
associated  with  components  of  P(Xj)  are  sets,  namely  sets  of  pairs 
[L,T]  comprising  a  single  component  of  the  connectivity  graph  CG(X^); 
here  L  describes  some  B2-noncritical  region  of  the  set  A2'(Xj)  of  all 
positions  admissible  for  B2  if  the  center  of  ¥>i  is  placed  at  X2 ,  and  T 
is  an  edge  sequence  which  describes  a  connected  component  of  Q(X^)X2) 
for  each  X2  in  the  region  described  by  L. 

Suppose  first  that  3  is  not  of  type  (1)  or  type  (2),  so  that  when 
Xj  crosses  3  the  set  of  B2~noncritical  regions  will  change.  This 
change  occurs  because  when  X-^  lies  on  3  there  occurs  either  a  tangency 
between  two  B2~boundary  or  critical  curves,  or  a  triple  intersection  of 
three  such  curves.   Moreover,  as  we  cross  3   at   Xn   from  one   of   the 
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Bj-noncritical  regions  R  adjacent  to  3  to  the  region  R'  lying  on  the 
other  side  of  3,  one  of  the  following  phenomena  will  occur:  Either 

(a)  Some  B2-noncritical  region  splits  into  two  subregions  which  then 
pull  away  from  each  other  (or  conversely  two  such  regions  meet  at  a 
point  and  then  fuse  into  one  another);  or 

(b)  Some  B2-noncritical  region  shrinks  to  a  point  and  then  either 
disappears  or  is  replaced  by  another  newly  appearing  Bn-noncritical 
region  (or  conversely  some  new  B2-noncritical  region  appears);  or 

(c)  The  label  of  some  B2-n0ncritical  region  changes. 

It  is  important  to  realize  that  these  changes  may  not  always  mean 
that  the  collection  of  connected  components  of  P(X^)  will  change. 
Indeed,  in  order  to  determine  the  effect  on  the  structure  of  P(X^)  of 
such  changes  in  the  structure  of  B2-noncritical  regions,  one  first 
needs  to  analyze  the  manner  in  which  the  intersection  of  P(X^)  with  UxV 
changes,  where  U  is  a  small  neighborhood  of  the  point  Y  at  which  the 
critical  tangency  or  triple  intersection  of  B2~boundary  or  critical 
curves  takes  place.  To  see  in  more  detail  what  this  analysis  will 
involve,  suppose  first  that  the  crossing  pattern  at  Xj  falls  into 
category  (a)  above,  i.e.  that  a  B2-noncritical  region  L  splits  into 
two  subregions  L1sl2  locally  at  Y.  This  will  cause  each  cell  [L,T]  e 
CG(X'),   for  X'   lying   on  one   side  of  3 ,  to  split  into  two  subcells 

[L^T]  and  [L2,T]  as  X'  crosses  3  at  X^ ,  and  there  will  exist  no  edge 
linking   these   two   cells   directly,  since  the  two  noncritical  regions 

Ll,L2  will  not  be  adjacent.  However  this  does  not  necessarily  imply 
that  these  cells  have  become  disconnected  from  each  other  in  P(Xi)) 
since  it  may  still  be  the  case  that  one  can  cross  from  positions  in  the 
subcell  described  by  [Ll5T]  to  positions  in  the  subcell  described  by 
[L2,T]  by  passing  through  other  cells,  and  in  particular  there  may 
exist  a  strictly  'local'  connection  through  a  cell  which  projects  onto 
the  B2-noncritical  region  that  has  just  appeared  between  L\  and  L2  and 
separated  them.  To  find  the  cases  in  which  this  observation  applies, 
one  needs  to  analyze  the  geometric  details  of  the  neighborhood   of   the 
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point  at  which  L^  anci  ^  have  pulled  apart.  (Note  however  that  even  if 
such  a  local  analysis  rules  out  relatively  direct,  local  connections 
between  cells  [L^T],  [L2,T]  of  CG(X'),  these  cells  may  still  be 
connected  globally  via  some  longer  path  in  CG(X').  If  this  is  the 
case,  the  structure  of  P(X')  for  X'  near  Xj  will  not  change:  only  the 
way  in  which  we  label  components  by  sets  of  pairs  [L,T]  will  change.) 

Similarly,  if  the  crossing  at  X^  is  of  category  (b),  it  may  or  may 
not  allow  one  or  more  components  of  P(X^)  to  shrink  and  disappear. 
Some  cases  in  which  component  disappearance  is  impossible  will  be 
revealed  by  local  analysis  of  CG(X'),  for  X'  near  Xj t  near  the  critical 
position  Y  of  B2  at  which  the  disappearing  B2~noncritical  region  L 
vanishes.  In  particular,  if  such  analysis  shows  that  every  pair  [L,T] 
is  necessarily  connected  in  CG(Xj)  to  a  pair  [L',T],  where  L'  is  a 
noncritical  region  adjacent  to  L  which  causes  L  to  disappear  by 
'swallowing'  it,  then  the  set  of  components  of  P(X^)  will  not  change 
even  though  L  disappears;  components  will  simply  be  renamed. 

Finally,  if  the  crossing  at  Xj  is  of  category  (c),  then  the 
structure  of  the  set  of  connected  components  of  P(X)  will  not  change, 
though  of  course  the  sets  labeling  its  components  will  generally  change 
in  this  case  also. 

Note  that  the  above  considerations  imply  that  when  a  B^-critical 
curve  6  is  crossed,  several  components  of  P(X^)  (all  of  which  contain 
cells  [L,T]  which  project  onto  the  same  B2~noncritical  region  L)  may 
simultaneously  split,  each  into  two  subcomponents.  Similarly,  several 
components  [L,T]  may  shrink  and  disappear  simultaneously  if  L  shrinks 
and  disappears.  Additionally,  the  tangency  or  triple  intersection  of 
^-boundary  or  critical  curves  which  occurs  when  X^  comes  to  lie  on  a 
Bl~critical  curve  3  will  generally  affect  the  labeling  of  all 
B2-noncritical  regions  adjacent  to  the  point  Y  at  which  a  tangency  or 
triple  intersection  occurs,  usually  by  the  appearance  or  disappearance 
of  one  of  the  boundary  edges  of  these  regions.  This  will  cause  changes 
in  the  labels  of  all  connected  components  of  P(X^)  which  contain  cells 
[L,T],  for  B2-noncritical  regions  L  adjacent  to  the  point  Y,  above   and 
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beyond   component   relabelings   which   result   from   the   splits   or 
disappearances  of  some  of  these  components. 

These  general  principles  underlie  the  information  summarized  in 
Table  3.2  below,  which  classifies  the  crossing  rules  that  can  be 
associated  with  each  of  the  38  different  types  of  B^-critical  curves 
listed  above.  The  crossing  rules  are  labeled  (a),  (b)  or  (c), 
corresponding  to  the  three  possible  changes  in  P(X^)  listed  above.  As 
explained  above,  a  renaming  change  (c)  can  always  occur  if  a  change  of 
type  (a)  or  (b)  is  possible. 
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Type  of  Critical  Curve 


Associated  Crossing  Rules 


1 

(a) 

or 

(c) 

2 

(b) 

or 

(c) 

3 

(a) 

or 

(c) 

4 

(c) 

5 

(c) 

6 

(a) 

or 

(c) 

7 

(c) 

8 

(b) 

or 

(c) 

9 

(a) 

or 

(c) 

10 

(a) 

or 

(c) 

11 

(c) 

12 

(b) 

or 

(c) 

13 

(c) 

14 

(c) 

15 

(c) 

16 

(c) 

17 

(c) 

18 

(c) 

19 

(c) 

20 

(a) 

or 

(c) 

21 

(c) 

22 

(c) 

23 

(b) 

or 

(c) 

24 

(c) 

25 

(c) 

26 

(c) 

27 

(c) 

28 

(c) 

29 

(b) 

or 

(c) 

30 

(c) 

31 

(c) 

32 

(c) 

33 

(c) 

34 

(c) 

35 

(c) 

36 

(c) 

37 

(c) 

38 

(c) 

Table  3.2. 

Critical  Curves 

and  their  Crossing  Rules 
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To  illustrate  the  statements  concerning  crossings  represented  in 
this  table,  we  will  consider  a  few  representative  types  of  Bj-critical 
curves,  and  analyze  their  associated  crossing  rules  in  more  detail. 


First  consider  crossing  a  B^critical  curve  of  type  (6).  Recall 
that  such  a  curve  6  consists  of  points  X  for  which  the  circle  Yi  of 
radius  rj+r2  about  X  becomes  tangent  to  the  circle  Y2  °f  radius  i*2+r3 
about  an  intersection  point  D  of  two  r^-displaced  walls  or  corners. 
Fig.  3.6  shows  the  structure  of  I^-noncritical  regions  in  the 
neighborhood  of  the  point  Y  of  tangency,  for  two  positions  X  of  the 
center  of  Bj,  one  on  either  side  of  8.  Note  that  when  X  crosses  6  the 
B2~noncritical  region  L  splits  into  two  subregions  Lj  and  l^. 
Moreover,  the  characteristic  sets  of  L,  Lj  and  L2  will  all  contain  a 
label  T,  representing  the  component  of  Q(X,X2)  containing  positions  of 
the  center  of  B3  which  lie  in  an  angular  neighborhood  near  D,  for  X2  e 
L,  Lj  or  L2;  however,  for  X2  e  L'  this  component  of  Q(X,X2)  disappears, 
so  that  the  label  T  does  not  appear  in  the  characteristic  of  L'.   Since 


'////////////////// 


y///;////////////////////// 


Fig.  3.6.  Crossing  a  Type  (6)  Bj-critical  Curve  g;  The  Structure 
of  B7-noncritical  Regions  Near  Critical  Point  of  Tangency. 
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the  center  of  B2  cannot  cross  Yl>  it  follows  that  if  X  lies  on  the 
inner  side  of  3,  there  is  no  way  for  B2  and  B3  to  cross  from  the  cell 
labeled  [Lj.T]  to  the  cell  labeled  [L2,T],  with  the  center  of  B2 
remaining  near  Y.  On  the  other  hand,  if  X  lies  on  the  outer  side  of  3, 
the  two  cells  [Li,T],  [L2,T]  merge  into  a  cell  labeled  [L,T].  It 
follows  that,  unless  B2  and  B3  can  cross  from  [Li,T]  to  [L2,T]  along  a 
path  involving  more  global  motions,  e.g.  by  moving  B2  around  B^,  the 
crossing  rule  associated  with  6  is  of  type  (a).  Of  course,  as  noted 
above,  it  is  possible  that  this  locally  type  (a)  crossing  really  is  of 
type  (c)  because  of  global  connections  ignored  by  the  purely  local 
analysis  just  given. 

Next  consider  the  situation  which  occurs  when  we  cross  a 
B^-critical  curve  3  of  type  (12).  Recall  that  such  a  curve  is  the 
locus  of  points  X  for  which  the  circle  Yj  of  radius  r^+r2  about  X 
passes  through  the  intersection  point  Y  of  an  ^-displaced  wall  or 
corner  y2  and  a  circle  Y3  of  radius  r2+r3  about  an  intersection  point  D 
of  two  ^-displaced  walls  or  corners.  Fig.  3.7  shows  the 
B2~noncritical  regions  in  the  vicinity  of  Y,  for  X  lying  on  the  inner 
side  of  3,  and  also  for  X  lying  on  the  outer  side  of  3.  Note  that  as  X 
crosses  3  from  its  outer  side  to  its  inner  side,  a  small  B2~noncritical 
region  L  shrinks  to  the  point  Y  and  then  disappears.  Moreover,  the 
characteristic  set  of  L  contains  a  label  T  corresponding  to  the 
connected  component  of  Q(X,X2),  for  X2  e  L,  which  includes  all 
admissible  positions  for  the  center  of  B3  which  lie  in  a  neighborhood 
of  D.  Finally,  T  does  not  appear  in  the  (sole)  B2-n0ncritical  region  L' 
adjacent  to  L,  since  when  B2  moves  into  L'  the  component  of  Q(X,X2) 
labeled  T  will  itself  shrink  to  a  point  and  disappear.  It  follows  that 
in  this  case  the  crossing  rule  at  3  is  of  type  (b),  since  the  cell  of 
P(X)  labeled  [L,T]  shrinks  to  a  point  and  disappears  as  3  is  crossed, 
and  since  in  the  example  [L,T]  has  no  connections  to  other  cells  of 
P(X).  However,  if  the  geometry  of  the  walls  generating  Y2  and  Y3  were 
different,  so  that  when  Bj  is  placed  at  X  and  B2  is  placed  at  Y,  B3  is 
not  'stuck'  at  D,  but  can  still  move  freely  near  D,  then  the  crossing 
rule  would  be  of  type  (c). 
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Fig.  3.7.  Crossing  a  Type  (12)  B]-critical  Curve  gj  The  Structure 
of  B2-noncritical  Regions  Near  Critical  Point  of  Intersection. 


Finally,  consider  the  situation  which  occurs  when  we  cross  a 
B^-critical  curve  6  of  type  (13).  Such  a  curve  is  defined  in  much  the 
same  way  as  type  (12)  critical  curves,  except  that  the  circle  y±  about 
X  e  6  now  has  radius  r1+r2+2r3.  Fig.  3.8  shows  the  B2~noncritical 
regions  for  two  positions  of  X,  one  on  either  side  of  B ,  in  the 
vicinity  of  the  point  Y  in  which  the  three  curves  Y-?,  j=l,..,3, 
intersect   when  X  e   B.   Note   that  as  X  crosses  B,   the  small 

B2~noncritical  region  L  shrinks  to  a  point  and  then  disappears  as  in 
the  preceding  case,  but  this  time  it  has  a  neighboring  region  Lj  whose 
characteristic  set  also  contains  the  label  T,  and  in  the  graph  CG(X)  an 
edge  connects  [L,T]  to  [Lj,T]  for  X  lying  on  the  outer  side  of  B.  Thus 
the  disappearance  of  L  does  not  affect  the  overall  structure  of  P(X), 
but  only  causes  a  change  in  the  sets  which  label  certain  of  the 
components  of  P(X).  More  specifically,  the  component  of  CG(X)  which 
contains  the  pairs  [L,T]  and  [LltT]  will  no  longer  contain  [L,T]  once  B 
has  been  crossed  from  outside  to  inside,  and  furthermore,  the  labeling 
of   the  B2~noncritical  regions  Ll,L2  ana  L3  will  change  due  to  the 
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Fig.  3.8.  Crossing  a  Type  (13)  B]-critical  Curve  B;  The  Structure 
of  B2-noncritical  Regions  Near  Critical  Point  of  Intersection. 

disappearance  or  addition  of  a  boundary  curve  in  each  of  them. 
Therefore  the  crossing  rule  applicable  to  curves  of  this  kind  is 
necessarily  of  type  (c). 

The  crossing  rules  which  apply  to  the  other  35  types  of 
Bj-critical  curves  can  be  derived  in  much  the  same  way;  a  summary  has 
been  given  in  Table  3.2  above.  We  leave  it  to  the  reader  to  work  out 
these  rules  along  the  lines  of  the  few  examples  we  have  developed  in 
fuller  detail. 


Once  these  crossing  rules  have  been  derived,  we  can  develop  an 
algorithm  for  solving  the  movers'  problem  for  three  circles  in  much  the 
same  way  as  was  done  in  Section  2  for  the  two-circle  case.  (Note  that 
the  algorithm  of  Section  2  will  be  used  as  a  subroutine  in  the  new 
algorithm  to  compute  the  characteristic  of  some  initial  Bj-noncritical 
region.) 
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The  complexity  of  the  algorithm  for  the  3-circle  movers 'problem 
that  we  have  described  is  bounded  below  by  the  size  of  the  connectivity 
graph  which  it  has  to  search.  We  can  give  the  following  very  crude 
estimate  of  this  size.  First  note  that  the  total  number  of  B^-boundary 
and  critical  curves  is  0(n5)  (there  can  exist  O(n^)  critical  curves  of 
type  (28)  in  the  worst  case).  Since  these  are  all  algebraic  curves  of 
some  fixed  low  degree,  they  will  intersect  in  at  most  O(n^)  points,  so 
that  the  number  of  Bj-noncritical  regions  is  also  0(n10).  For  each 
such  noncritical  region  R,  the  number  of  connected  components  of  P(X) 
for  any  X  e  R  is  bounded  by  the  size  of  the  (two-circle)  connectivity 
graph  CG(X)  which,  as  shown  in  Section  2,  can  have  at  most  O(n^)  nodes. 
Thus  the  size  of  the  three-circle  connectivity  graph  is  at  most  0(n^)( 
and,  using  techniques  similar  to  those  outlined  in  Section  2  for  the 
2-circle  problem,  one  can  construct  this  graph,  and  then  search  it  in 
time  no  more  than  O(n^). 
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4.  The  Case  of  Arbitrarily  Many  Circular  Bodies. 

The  treatment  of  three  moving  circles  in  the  preceding  section 
used  the  solution  of  the  two-circle  problem  repeatedly,  both  in  order 
to  obtain  labels  for  the  connected  components  of  P(X),  and  to  construct 
a  path  between  two  specified  configurations  when  such  a  path  exists. 
This  suggests  a  recursive  approach  to  the  motion-planning  problem  for 
an  arbitrary  number  of  circular  bodies  moving  amidst  polygonal 
barriers.  In  this  section  we  will  give  a  brief  account  of  the  general 
recursive  approach  that  we  propose,  omitting  most  detail,  and  using 
informal  arguments  mainly.  Note  however  that,  as  can  be  seen  comparing 
the  analysis  required  in  the  three-circle  case  to  that  which  suffices 
in  the  two-circle  case,  the  complexity  of  detail  that  can  be  expected 
to  appear  in  a  full  treatment  by  the  method  to  be  sketched  will 
increase  rapidly  with  the  number  of  circles. 

Let  B^j.j.jBjj  be  k  circular  bodies  with  centers  C^,...,Cjc  and 
radii  r^>...>nc  respectively.  We  assume  that  these  circles  are  free  to 
move  in  a  polygonal  region  V,  but  that  none  of  these  circles  may  touch 
or  penetrate  any  wall  or  other  circle.  Then  the  space  FP  of  free 
configurations  [Xj,...^]  of  the  centers  of  these  circles  forms  a 
2k-dimensional  open  manifold,  and  our  problem  is  to  decompose  this 
space  into  its  connected  components. 

To  achieve  such  a  decomposition  we  can  project  FP  into  the 
2-dimensional  space  A^  of  the  positions  available  for  the  center  C\  of 
Bj.    For   each  such  fixed  position  X^  consider  the  'fiber'  space  P(X^) 

of  all  configurations  [X£ XjJ   of   the   centers   of   the   remaining 

circles  such  that  [X1)...,xk]  e  FP.  We  can  decompose  P(X^)  into  its 
components  by  noting  that  it  represents  the  space  of  free 
configurations  of  the  remaining  k-1  circles  confined  to  move  in  the 
space  V(Xj)  obtained  by  adding  Bj  as  an  additional  barrier  in  V. 
Although  Bj  is  not  polygonal,  it  can  be  regarded  as  a  displaced  point, 
and  the  methods  for  handling  k-1  circles  can  be  adapted  to  handle 
displaced  walls  of  this  form.  Thus,  using  the  algorithm  for  k-1 
circles,  we  can  compute  the  corresponding   connectivity  graph   CGCXj), 
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and  use  each  of  its  connected  components  to  label  a  corresponding 
connected  component  of  P(X^)  in  a  1-1  manner. 

We  then  divide  the  points  Xj  into  critical  and  noncritical  points, 
where  Xj  is  critical  if  the  connected  components  of  P(Xj)  change 
discontinuously  as  Xj  is  moved  slightly;  otherwise  Xj  is  noncritical. 
One  can  show  that  the  critical  points  lie  on  finitely  many  critical 
curves  (although  their  number  increases  exponentially  with  k) ,  which 
partition  Aj  into  finitely  many  noncritical  regions.  The  next  step  is 
to  generalize  Lemmas  3.1-3.4  to  this  case.  That  is,  one  must  first 
show  that  there  exists  a  a  continuous  motion  between  two  configurations 

[Xj Xk]  and  [Xj ' , . . . ,Xk' ] ,  such  that  Xj.Xj'   both  belong   to   some 

noncritical  subregion  R,  and  such  that  during  that  motion  the  first 
circle  moves  with  its  center  remaining  in  R,  if  and  only  if  the  label 
of  the  connected  component  of  P(Xj)  containing  [X2,...,Xk]  and  of  the 
component  of  PCX^ ' )  containing  [X2' , • • • jX^' ]  are  identical.  Then  one 
wants  to  show  that  for  each  label  C  of  a  connected  component  p(X,C)  of 
P(X)  for  X  in  some  noncritical  region  R,  the  set  u(X,C)  and  its 
interior  vary  continuously  (in  the  Hausdorff  topology  of  sets)  with  X  e 
R,  and  admits  a  continuous  extension  to  the  closure  of  R.  Continuing  in 
analogy  with  the  treatment  of  the  two-  and  three-circle  cases,  the  next 
aim  is  to  show  that  a  continuous  motion  in  which  the  center  of  Bj 
crosses  a  critical  curve  6  separating  between  two  noncritical  regions 
R,  R'  can  take  place  if  and  only  if  the  initial  (resp.  final) 
configuration  [X1,...,xk]  (resp.  [Xj ' , . . . ,Xk' ] )  are  such  that  the 
labels  C  (resp.  C)  of  the  connected  component  of  P(Xj)  (resp.  P(Xi') 
containing  [X2,...,Xic]  (resp.  [X2' , . . . ,Xk' ] )  have  the  property  that 
the  limits  of  u(X,C)  (resp.  u(X,C'))  as  X  approaches  the  common 
boundary  3  from  the  R-side  (resp.  the  R'-side)  have  overlapping 
interiors.  Moreover,  one  wants  to  show  that  this  condition  does  not 
depend  on  the  particular  point  on  (3  at  which  Bj  crosses  from  R  to  R' . 

All  these  results  would  enable  us  to  define  a  finite  connectivity 
graph,  in  much  the  same  way  as  was  done  in  the  three-circle  case,  and 
to  reduce  the  problem  to  a  combinatorial  path-searching  through  that 
graph;  this  would  yield  a  recursive  solution  to  the  k-circle  problem. 
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